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1 Introduction 

Assume k is an algebraically closed field. If X is a smooth affine fc-variety of dimension 3, classical 
results of N. Mohan Kumar and M.P. Murthy [KM82] prove the existence of vector bundles on X 
with given Chem classes. Among other things, they prove that there is a unique rank 3 vector bundle 
with given Chem classes. Recent work of the second author [Fasl 1] further showed that stably free 
rank 2 bundles over such X are in fact free. 

This paper, which is the first in a series including [AF12a, AF12b], studies problems regarding 
projective modules using the Morel- Voevodsky A^-homotopy theory. The main outcome of our 
approach, as we hope becomes clear in this introduction, can be summarized in the following slogan: 
there is a framework in which intuition and results about classical homotopy groups of spheres and 
special linear groups can be suitably "algebraized" to control the theory of projective modules on 
smooth affine algebras. As a byproduct of our approach, we can recover, refine and extend the 
statements mentioned above. For example, if we write ^n(^) for the set of isomorphism classes of 
rank n vector bundles on X, we can establish the following results. 

Theorem 1 (see Theorems 6.10 and 6.11). Suppose X is a smooth affine 3-fold over an alge- 
braically closed field k having characteristic unequal to 2. The map assigning to a vector bundle of 
rank r < 3 the sequence (ci, . . . , c^) of its Chem classes gives isomorphisms of pointed sets: 

1^2 (^) ^ Pic{X) X CH'^iX), and 
l^siX) Pic{X) X CH^{X) X CH^{X). 

One says that cancellation holds for projective modules of rank r over smooth affine algebras 
of dimension d if stably isomorphic projective modules of rank r are in fact isomorphic. The 
Bass-Schanuel cancellation theorem (see [BS62, Theorem 2] or [Bas64, Theorem 9.3]) shows that 
cancellation always holds for projective modules of rank r > d. Suslin's famous cancellation 
theorem [Sus77, Theorem 1] states that cancellation holds for projective modules of rank r if r > 
d. In [Sus79] (see the discussion after Theorem 6), Suslin asked whether cancellation holds for 
projective modules of rank r > However, Mohan Kumar [MK85] constructed examples 

showing that cancellation sometimes fails for projective modules of rank r = d — 2. Whether 
cancellation holds for rank d — 1 projective modules over affine algebras of dimension d is, in 
general, an open problem. From the above theorem, we deduce the following result, which provides 
an answer to the first non-trivial case of SusUn's cancellation question for general algebraically 
closed fields. 

Corollary 2 (see Corollary 6.13). IfX is a smooth affine 3-fold over an algebraically closed field k 
having characteristic unequal to 2, then cancellation holds for projective modules of any rank over 
k[X]. 

If A: is a field having cohomological dimension 1, and X is a smooth affine variety of dimension 
d over k, Suslin proved that stably free rank d bundles are free [ ]. If A; is furthermore Ci, 
Bhatwadekar showed how to deduce cancellation for rank d bundles over a smooth affine d-fold 
from Suslin's result [Bha03]. Based on these results, it was hoped that cancellation for rank d — 
1 vector bundles over smooth affine d-folds over algebraically closed fields could be reduced to 
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the assertion that stably free rank d — 1 bundles on such varieties are in fact free (we will say 
that "cancellation can be reduced to the stably free case"); the fact that stably free modules rank 
d — I bundles over smooth affine d-folds over an algebraically closed base are free was recently 
established by the second author in collaboration with R. Rao and R. Swan [FRS 12]. Dhorajia and 
Keshan showed that if k is the algebraic closure of a finite field, then cancellation could be reduced 
to the stably free case [DK12]. However, it is apparently much harder to reduce cancellation to the 
stably free case over larger fields (even when d = 3), and it was therefore desirable to find a general 
framework in which to approach the cancellation problem. 

Henceforth, assume k is an arbitrary field. Morel and Voevodsky [MV99] introduced 9-[{k), 
the A^-homotopy category of smooth schemes over k. For spaces X and Y, set [X, Y]p^\ := 
Hom^^^.^(X, Y) (we will clarify the word space later, but, for the time being, it suffices to believe 
that smooth schemes and BGLn are both spaces). One of the main results of [MV99] is that stable 
isomorphism classes of vector bundles on arbitrary smooth A;-schemes could be understood in terms 
of A^-homotopy theory. More precisely, they introduced spaces BGLn and a space EG Lao such 
that the set [X, Z x BGL^o] is Kq{X), i.e., the functor Kq (restricted to smooth A;-schemes) is 
representable in the A^-homotopy category. 

From the beginning, homotopy theoretic ideas have served as an important source of inspiration 
in the study of projective modules (see the introduction to [Bas64]). Thus, by analogy, extending 
the representability result of Morel- Voevodsky, one might expect that T^(-) admits a description in 
terms of maps to the classifying space BGLn . Such representability statements hold true for n = 1, 
i.e., the Picard group is representable by BGLi. Unfortunately, for n > 2, the functor T^(-) fails 
to be A^-invariant for smooth schemes in general, i.e., the map 04 (X) T/'niX X A^) fails to 
be a bijection in general. Indeed, already for X = F^, the failure of A^ -homotopy invariance is 
well-known. Even worse, for arbitrary smooth schemes, the failure of homotopy invariance is, in a 
certain sense, "as bad as can be" [AD()8]. 

Nevertheless, classical results of Lindel establishing the Bass-Quillen conjecture [Lin82] showed 
that the functor 1^n{') is A^ -invariant when restricted to the category of smooth affine fc-schemes. 
Using Lindel's results, together with results of Suslin and Vorst on the so-called i^i-analogue of 
the Serre problem. Morel showed [Mori 2] that if X is a smooth affine /c-scheme (at least over a 
perfect field k), then [X, BGLn]^^ = l^niX), at least for n > 3, i.e., a partial representability 
result remains true. Combined with recent results of L.-F. Moser [Mosl 1], the above result can be 
extended to the case n = 2 as well. 

The above results can be viewed as an algebro-geometric analog of Steenrod's homotopy clas- 
sification of topological vector bundles on CW complexes [Ste99, §19.3]. However, Steenr^od also 
opened the door to enumeration of vector bundles on manifolds using techniques of obstruction 
theory. Notably, given results known at the time about homotopy groups of (classifying spaces of) 
special orthogonal groups, Dold and Whitney [DW59] provided explicit cohomological descriptions 
of sets of isomorphism classes of (real, oriented) vector bundles having a given rank on complexes 
of dimension < 4 in terms of characteristic classes. Our approach is to transpose these ideas into 
algebraic geometry. 

One of the main impediments to applying techniques of obstruction theory, say via the Postnikov 
tower, in A^-homotopy theory arises from our limited knowledge of A^-homotopy sheaves. Since 
classical homotopy groups are notoriously difficult to compute directly from the definition, and since 
A^ -homotopy sheaves are defined abstractly in terms of maps in a certain category, performing 



4 



1 Introduction 



computations might seem even more hopeless. Nevertheless, we first devote some attention to 
providing some new computations of A^-homotopy sheaves. Before stating our results, we briefly 
recall some known computations. 

Morel showed that 5L„ is connected from the standpoint of A^-homotopy theory. Geometri- 
cally, this corresponds to the fact that, over any extension field K/k, any two elements of SLn{K) 
can be connected by the image of a morphism from A]^; that this can be done is a consequence of 
the classical fact that SLn{K) is generated by elementary matrices. Morel also computed [Morl2] 
the sheaf 7rf(5L„): 



K^^ ifn>2. 



Roughly speaking, the sheaf tt^ {SLn) encodes information about the non-trivial relations between 
elementary matrices, and the above result can be viewed as an incarnation of a classical theorem 
of Steinberg/Matsumoto [Mat69], though it is independent of that statement. Here, K^^ is the n-th 
unramified Milnor K-theory sheaf (the abelian group of sections of this sheaf over a field extension 
K/k is precisely the n-th Milnor K-theory group of K), and KJ^^ is the Milnor- Witt K-theory 
sheaf introduced in [Mor06, Morl2]. Furthermore, for n > 3, the sheaf irf {SLn) is "in the stable 
range". 

Remark 3. As written above, 7r^^(5L2) appears not to fit the regular- pattern that appeai^s for 
n > 3, i.e., it appears to be an unstable group: this is simply a feature of the presentation. 
The low-dimensional isomorphism SL2 = Sp2 can be used to give an alternate computation: 



si , 



TVi\SL2) = K2^, where is the sheafification of the second symplectic K-theory for the 
Nisnevich topology. In that case, the identification ^ ^ K.^ can be viewed as a manifestation 
of Suslin's description of the second symplectic K-theory of a field [Sus87b, §6]. After making the 
notion of stable range precise (see Theorems 2.9 and 2.10), we we see that all the homotopy sheaves 
of SLfi described so far are already "stable" groups. 

On the other hand, Wendt [Wen 10] provides a rather general description of sections of A^- 
homotopy sheaves of 5L„ (and, more generally, Chevalley groups) as "unstable Kai^oubi-Villamayor 
K-theory." While having such a description is appealing, it is practically speaking intractable since 
there are essentially no techniques available to study such unstable K-theory groups. Our first main 
computation can be viewed as providing a computationally tractable description of the first "hon- 
estly" unstable A^-homotopy sheaf of SLn', moreover, while the constituents of the description 
might appear involved, we will see below there are a number of techniques available to facilitate 
their study. 

Theorem 4 (See Theorems 3.9 and 3.20). If k is an infinite perfect field having characteristic 
unequal to 2, there are canonical short exact sequences of strictly -invariant sheaves 

^ S^' ^ vrf (5L2) ^ ^ 
^ S4 ^ vrf (5L3) ^ ^ 0, 

and for n > 4 there are isomorphisms VTg ^ {SLn) — K^. Here, is the sheafification of the i-th 
Quillen K-theory functor for the Nisnevich topology, Kg^ is the sheafification of the third symplectic 
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K-theory group for the Nisnevich topology, and there is a canonical epimorphismK.^^ / 6 — )• S4. The 
sheaf S'l sits in an exact sequence of the form 

l5 _^ s^' ^ ^ 0, 

where is the unramified sheaf associated with the 5th power of the fundamental ideal in the Witt 
ring, and there is a canonical epimorphism S4. 

In fact, the description of 7T2^ {SL3) provided above is derived from a description of the first 
non-stable homotopy sheaf of 5L„ when 7i is odd. We summarize this in the following result. 

Theorem 5 (See Theorem 3.9). If k is an infinite perfect field, then for every odd integer n > 3 
there are canonical short exact sequences of the form 

S„+i T^t\{SLn) ^ ^ 0, 

where there is an epimorphism K^j^/n! — > S„+i. 

The proofs of Theorems 4 and 5 rely on the theory of A ^ -fiber sequences attached to Zariski 
locally trivial SL^. and 5pri-bundles developed by Morel [Mori 2] and Wendt [Wenll] and Morel's 
unstable connectivity results; these ideas are reviewed in Section 2. Moreover, these theorems im- 
mediately give identifications of homotopy sheaves of SLn and, with appropriate index shifts, 
the associated classifying spaces: it is for this reason that we may pass freely between discussion of 
(higher) homotopy sheaves of GL„, its classifying space or SLn- Combining the results of Morel 
and Wendt, one obtains that {GL2) and {GL-^) are extensions of a "stable" sheaf by a cer- 
tain quotient of K^^. In a sense, the point of the theorems is to precisely identify this quotient, and 
this requires reinterpreting some classical results of Suslin [Sus84]; this is completed in Section 3, 
though some results of Section 4 are necessary as well. The first isomorphism reflects the fact that 
SL2 = Sp2 is just outside the stable range for symplectic K-theory, and the second A^-homotopy 
sheaf gets a contribution from symplectic K-theory. The second isomorphism reflects the fact that 
Trf (SLs) is just outside the stable range for the general linear- group. 

Remark 6. The question of whether the surjective map K*{[_]^/n! S„+i is an isomorphism is 
equivalent to a question posed by Suslin in [Sus84]. Indeed, if F is a field, Suslin constructs a 
homomorphism K^_^^{F) — K^'^^(F) whose image contains nlK^_^_i{F). He observes that the 
question of whether the image of this map is precisely n\K^^^^{F) is equivalent to a portion of 
Milnor's conjecture on quadratic fomis for n = 3, and speculates about equality in general. Our 
choice of the letter S in the notation is intended to remind the reader of both surjectivity and Suslin. 

Suslin's question is already non-trivial when n = 3. In that case, using the Voevodsky-Rost 
proof of the Bloch-Kato conjecture and the spectral sequence relating motivic cohomology to al- 
gebraic K-theory, one can give conditions involving motivic cohomology groups that imply S4 is 
isomorphic to K4^/6; these points are discussed in detail in Appendix A. 

The question of whether K^^^^/n! — Sn+i is an isomorphism is yet more difficult. Nev- 
ertheless, these issues only appear over non-algebraically closed fields. For example, if F is al- 
gebraically closed, since K^^(F) is divisible for arbitrary z > 1, it follows that K*{^^/n!(F) is 
trivial. Likewise, the Bloch-Kato conjecture implies vanishing of K^^]^/n!(F) for fields F of etale 
cohomological dimension < 7i. 
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We use obstruction theory, in this case using a version of the Postnikov tower in A -homotopy 
theory, to deduce Theorem 1 and Corollary 2; this is explained in Section 6. Indeed, at least over 
algebraically closed fields, the classification results can be deduced from the computations of A^- 
homotopy sheaves above by establishing certain vanishing theorems for cohomology of certain 
constituents of these sheaves. In particular, our approach necessitates understanding cohomology of 
K^w, K^, Kf /6, Kf /12, and K^^. The cohomology of K^, Kf /6 (or Kf /12), and can 
be studied by means of Bloch's formula [BI086] and the Gersten resolution; the relevant vanishing 
theorems are established in Section 5. The cohomology of Kg^ can be studied by a careful analysis 
of the Gersten-Grothendieck-Witt spectral sequence (see, e.g., [FS()9]), and this constitutes the bulk 
of Section 4; the techniques of that section can be used to study the cohomology of as well. 

These observations are just the beginning of the story. The moral we draw is: additional in- 
formation about unstable A^-homotopy groups of GL„ can be directly translated into results about 
vector bundles on smooth affine schemes. To keep the length of this paper reasonable, we have de- 
ferred the discussion of some natural questions to subsequent work; we mention just two points here. 
For example, in [AF12a], we complement Theorem 5 by providing a description of 7rf,^_i{SL2n)', 
we also discuss compatibility of our computations with computations in classical homotopy theory 
by means of realization functors. These comparison results demonstrate that the factor of n! or 
12 appearing in the computations above is an algebro-geometric manifestation of results regarding 
the classical unstable homotopy groups of spheres or special linear groups. We also study vector 
bundles on smooth affine schemes that have the A^ -homotopy types of motivic spheres. 
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2 -homotopy theory of SL^ and Spni the stable range 

In this section, we review some preliminaries from A^ -homotopy theory, especially some results 
regarding classifying spaces in A^-homotopy theory, some results from the theory of A^-fiber se- 
quences, due to Morel and Wendt, and Morel's classification theorem for vector bundles over smooth 
affine schemes. We then recall some stabilization results for A^ -homotopy sheaves of linear and 
symplectic groups; these results are also due to Morel and Wendt. The ultimate goal of this section 
is to define the stable range, and understand the A^ -homotopy sheaves in this range. 
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Preliminaries from A -homotopy theory 

Assume A; is a field. Write Strik for the categoiy of schemes that are smooth, separated and have 
finite type over Specfe. Set Spc^ := A°SfiVNis{Smk) (resp. Spc^ J for the category of (pointed) 
simplicial sheaves on the site of smooth schemes equipped with the Nisnevich topology; objects of 
this category will be referred to as (pointed) k-spaces, or simply as (pointed) spaces if A; is clear from 
context. Write !H^^^{k) (resp 0-(^^^{k)) for the (pointed) Nisnevich simplicial homotopy category: 
this category can be obtained as the homotopy category of, e.g., the injective local model sti'ucture 
on Spc^ (see, e.g., [MV99] for details). Write 9{{k) (resp. 9-(,{k)) for the associated A^-homotopy 
category, which is constructed as a Bousfield localization of 0-(^^^{k) (resp. 9-(^^^{k)). 

Given two (pointed) spaces X and 'Y, we set [X, 'y]s := Hom^is(;,^(X, and [X, 17"]ai := 
Hom^(^^^(X, 9^); morphisms in pointed homotopy categories will be denoted similarly with base- 
points explicitly written if it is not clear from context. We write for the constant sheaf on Sm^ 
associated with the simplicial i-sphere, and Gm will always be pointed by 1. The A^-homotopy 
sheaves of a pointed space {X, x), denoted vrf {X, x) are defined as the Nisnevich sheaves asso- 
ciated with the presheaves U ^ [SI /\ f/+, (X, x)]^!. We also write izf^- [X, x) for the Nisnevich 
sheafification of the presheaf [/ iH> [5* A Gm^^ A f/+, {X, x)]^!- 

A presheaf of sets T on Jm^ is called -invariant if for any smooth /c-scheme U the morphism 
T{U) — > T{U X A^) induced by puUback along the projection [/ x A^ — > [/ is a bijection. A 
Nisnevich sheaf of groups Q is called strongly -invariant if the cohomology presheaves H^-^^{-, Q) 
are A^-invariant for i = 0, 1. A Nisnevich sheaf of abelian groups A is called strictly A^-invariant 
if the cohomology presheaves H^-^^{-,A) wee A^ -invariant for every i > 0. 

A review of the theory of A^ -fiber sequences 

If K is a compact Lie group, principal if -bundles are standard examples of Serre fibrations. Associ- 
ated with a Serre fibration is a corresponding long exact sequence in homotopy groups. Constructing 
A^ -fibrations is more delicate and not so many examples ai^e known. If G is a (smooth) algebraic 
group over a field F, then in general, G-torsors are only locally trivial in the etale topology. This ob- 
servation and the failure of homotopy invariance for the functor "isomorphism classes of G-torsors" 
make attaching fibrations in A^-homotopy theory to G-torsors somewhat delicate. Nevertheless, 
if G is a special group in the sense of Grothendieck-Serre, i.e., if all G-torsors are Zariski locally 
trivial, G-torsors give rise to A^ -fiber sequences in a sense we now explain. 

We will use the general theory of fibrations in model categories, for which we refer the reader 
to [Hov99, §6.2]. Given a morphism / : (£, x) — > (®, y) of pointed spaces that is an A^-fibration 
in the sense of the A^-local model structure, we write ^ for the A^-homotopy fiber of /. Given this 
setup, there is an induced action of ROg® (the simplicial loop space of a fibrant model of ®) on 
^; this action is specified functorially, i.e., given an arbitrary space one constructs an action of 
[J^, RilgSJ^i on [J^, ^]ai by means of the homotopy lifting property of fibrations. In other words, 
given an A^ -fibration, we obtain a sequence of pointed spaces and morphisms of the form 

{g^,xo)^{'E,x)M{'B,y) 
together with an action of RJ]]® on ^ . An A^ -fiber sequence is then a sequence of morphisms of 
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pointed spaces Z ^ X 0^, together with an action of R0]9^ on Z that is isomorphic in 9{,{k) 
to a sequence constructed from an A^-fibration as above. 

Morphisms of fiber sequences are sequences of morphisms in !H,{k) that respect the actions 
of loop spaces. The main result about fiber sequences we will use is summarized in the following 
statement, which is quoted from [Wenl 1, Proposition 5.1, Proposition 5.2, and Theorem 5.3]; in 
any situation in this paper where a sequence of spaces is asserted to be an -fiber sequence (and 
for which no auxiliary reference is given), the sequence has this property because of the following 
result. 

Theorem 2.1 (Morel, Moser, Wendt). Assume F is a field, and {X, x) is a pointed smooth F- 
scheme. If P — ?> X is a G-torsor for G = Gm, SLn,GLn or Sp2n> then there is an -fiber 
sequence of the form 

G — yP — yX. 

If moreover, Y is a pointed smooth quasi-projective F-scheme equipped with a left action of G, 
then the associated fiber space, i.e., the quotient P Y, exists as a smooth scheme, and there is 
an -fiber sequence of the form 

Y — > Px^Y — > X. 

Comments on the proof. As regards attribution: Morel proved the above result for Gm,SLn or 
GLn (n > 3) in [Mori 2], and Wendt extended his result to treat a rather general class of reductive 
groups; the case where G = SL2 requires the results of Moser [Mosl 1]. In [Wenll, Proposition 
5.1], this result is stated under the apparently additional hypothesis that F be infinite. However, the 
assumption that F is infinite is only used by way of Proposition 4. 1 of ibid to guarantee Nisnevich 
local triviality of G-torsors that are trivial upon restriction to the base point. In particular, since 
SLn and Spn ai"e special groups (in the sense of Grothendieck-Serre), G-torsors for such groups 
are automatically Zariski locally trivial over any base. 

In the second statement, quasi-projectivity of Y is only used to guarantee that the quotient 
Px'-^Y exists as a smooth scheme and that this quotient coincides with the Nisnevich sheaf quotient 
of the functor represented by P x y by the functor represented by G. □ 

By the general theory of fiber sequences [Hov99, §6.2 and Proposition 6.5.3] together with a 
sheafification argument, an A^ -local fiber sequence as above gives rise to an associated long exact 
sequence in A^-homotopy sheaves; we summarize this in the next statement; we will use this result 
without mention in the sequel. 

Proposition 2.2. If{^,XQ) {'F^x) — )• {'B,y) is an A} -fiber sequence, then for any pair of 
integers there is a long exact sequence of the form 

,^A^^^^.(S,y) A7r^;(^,xo) ^<;('E,x) ^7r^;(®,y) 

where all the unmarked arrows are induced by covariant functoriality ofhomotopy sheaves, and the 
connecting homomorphism 6 is defined by the composite R^i] S — > ^ x J S — )■ where the 
first map is given by inclusion of the base-point and the second map is given by the action of the 
simplicial loop space of the base on the fiber 
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Classifying spaces and vector bundles 

Suppose G is a Nisnevich sheaf of groups. Throughout the paper, we will always assume G is 
pointed by the identity Spec(fc) — )• G, and we will suppress the base-point. We write EG, for the 
usual Cech-simplicial object associated with the morphism G Spec(A;), i.e., EGn = and 
the simplicial structures are induced by projections and partial diagonals. The sheaf G acts on EG, 
(on the right), and the quotient EG,/G = BG, gives the usual simplicial bar construction [MV99, 
§4.1]. The space BG, is a reduced simplicial sheaf (i.e., its sheaf of 0-simplices is the constant 
sheaf Spec(A;)), and so BG, has a canonical base-point. 

Morel and Voevodsky show [MV99, §4 Proposition 1.15] that if X is a space, then there is a 
canonical bijection 

[X, BG,]s ^ -f^Nis(-^> G)] 

to be clear, we are taking maps in the unpointed simplicial homotopy category here. In particular, 
if G is a linear algebraic group that is special, then it follows that isomorphism classes of G-torsors 
are in bijection with elements of [X,BG,]s. 

Write Gvn^n+N for the grassmannian parameterizing n-dimensional subspaces of an n + N- 
dimensional vector space. We let Gr„ oo be colimTv Grn,n+N for the morphisms induced by stan- 
dard inclusions. The universal vector bundle on Gvn^n+N induces a simplicial homotopy class of 
morphisms Grn^n+N BGLn,,, and Morel and Voevodsky observe that the induced morphism 
Grn,oo BGLn is an A^-weak equivalence [MV99, §4 Proposition 3.7]. Morel proves the follow- 
ing fact. 

Theorem 2.3 (Morel, Moser [Morl2, Theorem 8.1]). If k is a perfect field, and if X is a smooth 
affine k-scheme, then there is a canonical bijection 

[X,Grn,oo]K^ = K(^), 

where ^(X) is the set of isomorphism classes of rank n vector bundles on X. 

In a number of situations below, only the A^-homotopy type of BG, plays a role. For that 
reason, we make the following convention. 

Notation 2.4. Write BG for any space that has the A ^-homotopy type of BG,. 
Stabilization sequences 

We now apply the results on fiber sequences above to the A^ -fiber sequences 
and 

Sp2n-2 ' > Sp2n > Sp2n/Sp2n-2- 

Each of these fiber sequences gives rise to a long exact sequence in A^-homotopy sheaves. Taken 
together, the next pair of results, observed by Morel and Wendt, shows that the quotients that appear 
are highly A ^-connected. 
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Proposition 2.5. The "projection onto the first column " morphism SLn — )> A" \ f resp. Sp2n 
^2n \^ Q) factors through an -weak equivalence SLn/ SLn-i — > A" \ (resp. Sp2n/Sp2n-2 
A2" \ Oj. 

Proof. In the first case, SLn acts transitively on A" \ and the stabilizer of a point can be identified 
with an extension of SLn-i by a unipotent group. Furthermore, there is a Zariski locally trivial 
morphism SLn/SLn-i ^ A" \ with affine space fibers. The case of the symplectic group is 
similar-. □ 



The stable range 

Tlieorem 2.6 (Morel). For any integer n >2, the space A" \ is (n — 2)- -connected, and there 
is a canonical isomorphism 7r^„^(A" \ 0) = KJ^^. 

Remark 2.7. Explicit generators and relations for the sections of the sheaves Kjf^ are given in 
[Mori 2, §3]. A number of basic properties of the sheaves we use will be quoted from this source. 

Corollary 2.8 (Morel, Wendt). The morphisms nf^ {SLn~i) — )• Tvf^ (SLn) are epimorphisms for 
i < n — 2 and isomorphisms for i < n — 3. The morphisms izf^ {Sp2n-2) — > T^f {Sp2n) ctre 
epimorphisms for i <2n — 2 and isomorphisms for i < 2n — 3. 

Re-indexing slightly, the sheaves 7rf^(5L„) coincide with the stable groups 7vf^{SLoo) for 
i < n — 2 and homotopy sheaves in this range of indices will be said to be in the stable range. 
Likewise, the sheaves Trf {Sp2n) coincide with Tvf (Spoo) for i < 2n — 1 and homotopy sheaves 
in this range of indices will again be said to be in the stable range. 



Homotopy sheaves of GL„ in the stable range 

We quickly review the computation of the homotopy sheaves of GL„ in the stable range, which is 
due to Morel. Fomiing a colimit in the index n there are spaces Gr^^^ and BGL^ , together with 
an A^-weak equivalence Gr oo,oo BGLoo,m- By [MV99, Theorem 3.13], the space Z x Groo,oo 
represents Quillen K-theory for smooth fc-schemes. 

Write K.f for the Nisnevich sheaf associated with the presheaf U i-)- Ki{U), where Ki denotes 
Quillen K-theory; these sheaves are called Quillen K-theory sheaves. The next result describes the 
A^ -homotopy sheaves of SLn or GL„ in the stable range in terms of Quillen K-theory. 

Theorem 2.9. For any integers i > and any n > 1 there are canonical isomorphisms 

Trf (SLn) = Trf (GLn) = Tvf_^i{BGLn^,). 

If furthermore, < i < n — 2, there are canonical isomorphisms of the form 

Tvf^iiBGLn,,) = 7r^i(SGLoo,,) = 
Proof. There are A^ -fiber sequences of the form 

Gm ^GLn > SLn 

GLn — >EGLn,» — > BGLn,»- 
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Since Gm is A^-rigid [MV99, §4 Example 2.4], we have nf (G„) = 1 for i > I. It is straightfor- 
ward to check that the inclusion Gm ^ GL„ induces an isomorphism Gm = ttq ^ (Gm) — > ttq ^ {GLn). 
Combining these two observations gives the first isomorphism. 

For the second isomorphism, note that EGLn,» — > BGLn,m is a GL„-torsor (it can even be real- 
ized as a colimit of GL„-torsors over smooth schemes) and thus gives rise to an A^-fiber sequence. 
Since EGLn is A^-contractible, the second isomorphism is immediate. 

By representability of algebraic K-theory, can also be described as 7r^^(Z x BGLoo)- 
Moreover, for i > 0, the only contribution to this sheaf comes from the A^ -connected component of 
the base-point, so Tvf {Z X BGLao^,) = 7rf (i?GLoo,«)- The final statement can then be deduced 
from Corollary 2.8. □ 



Homotopy sheaves of Sp2n in the stable range 

Replacing the general (or special) linear group by the symplectic group, there are analogous sta- 
bility statements. Let HGr{2n, 2{n + A^)) be the open subscheme of Gr2n,2(n+N) parameterizing 
2n-dimensional subspaces of a 2{n + iV) -dimensional symplectic vector space to which the sym- 
plectic form restricts non-degenerately. One can give a more functorial description of this space, 
but let us note that, upon choice of a base-point, HGr{2n, 2{n + N)) becomes isomorphic to the 
homogeneous space Sp2{n+N)/ {Sp2N x Sp2n)- 

The moiphism Sp2(^n+N)/ SP2N HGr{2n, 2{n + N)) is an 5p2n-torsor and, as mentioned 
above, is therefore classified by a simplicial homotopy class of maps HGr{2n,2{n + N)) 
BSp2n,»- Taking an appropriate colimit over N, there is an induced morphism HGr{2n, oo) 
BSp2n,m- Likewise, taking a colimit over n, there is an induced moiphism HGr{oo,oo) — > 
BSpoo,*- Panin and Walter show [PWIO, Theorem 8.2] that the space Z x HGr{oo,oo) repre- 
sents symplectic K-theory. 

Theorem 2.10. For any integers i > and any n > 1 there are canonical isomorphisms 

7vt\Sp2n)=7vfi,{BSp2n,.). 

If0<i<2n — 1 and, furthermore, the base field k is assumed to have characteristic unequal to 2, 
there are canonical isomorphisms of the form 

7^fl,{BSp2n,.) = Trfl.iBSp^,.) - Kg,. 

Proof. This result is proven in a fashion formally analogous to that for SLn- The first identification 
comes from the A^-fiber sequence associated with the torsor Sp2(n+N)/ Sp2N HGr{2n, 2{n + 
N)) together with a colimit ai^gument. The second isomorphism results by applying the stabilization 
isomorphisms of Corollary 2.8. This result was stated by Wendt in a slightly different form in 
[Wenll, Theorem 6.8 and Remark 6.12]. The hypothesis on the characteristic of the base-field is 
required to apply the results of [PWIO]. □ 

Remark 2.1 1. In [MV99, §4], a different geometric model BgmSp2n for the classifying space Sp2n 
is constructed; this model is essentially Totaro's model. This model can also be used to construct 
a space representing symplectic K-theory as explained in [Hor05, Remark 3.8]. While the spaces 
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BgmSp2n are A^-weakly equivalent to HGr{2n, oo), and both spaces are given as colimits of finite- 
dimensional approximations, the space BgmSp2n is not well-adapted to our needs since it is not 
a colimit of homogeneous spaces. The main technical difference between the finite dimensional 
smooth varieties approximating HGr{2n, oo) and those approximating BgmSp2n is that the fomier 
do not form an admissible gadget in the sense of [MV99, §4 Definition 2.1]. Furthermore, the proof 
that the spaces Z x HGr{oo, oo) represent symplectic K-theory is very similar to that given for 
algebraic K-theoiy in [MV99, §4]. 



3 A^-homotopy theory of SLn and Spn' some non-stable results 

The main goal of this section is to describe the first non-stable A^-homotopy sheaf for SLn (resp. 
GLn) for n > 2. This result is broken into two largely independent parts. The case n > 3 is treated 
first. In this range, the groups in question are meta-stable in the following loose sense: at least 
if n is odd, the sheaf iv^_^{SLn) takes a form that depends in a uniform fashion on n. The first 
non-stable A^-homotopy sheaf of SL2 was, as explained in the introduction, computed by Morel 
(see Theorem 2.6 and use the fact that SL2 — A^ \ is an A^-weak equivalence). The next non- 
stable A^-homotopy sheaf of SL2 is treated, extending an idea of Wendt [Wen 11, Proposition 6.11], 
by means of the exceptional isomorphism SL2 = Sp2 and stabilization results for symplectic K- 
theory. Some of the results are proven in greater generality than necessary since we expect they will 
be useful in understanding 7r^_]^(S'L„) when n > 2 is an even integer. 

A short exact sequence describing 7T^\{SLn), n > 2 

The long exact sequence in A^-homotopy sheaves associated with the A^-fiber sequence 

SLn~l > SLn > SLn/ SLn— I 

gives rise to an exact sequence of the form 

7r^_l(5'L„) > -Kn-i{SLn/ SLn~l) > 7r^_2(5'L.„_i) )■ 7Vn_2{SLn) > 0. 



In case n = 3, we furthermore observe that 7vf^{SL2) and Tvf^{SL3) are known to be sheaves 
of abelian groups and ai^e therefore strictly A^-invariant [Mori 2, Corollary 6.2], i.e., the sequence 
above is always a sequence of strictly A^ -invariant sheaves of groups. 

Theorem 2.6 and Theorem 2.9 (the groups 7r^_2(5'L„) are in the stable range) allow us to 
rewrite this sequence as 

-Kn-ASLn) ^ K„ > ■Kn-2W^n-l) > > U. 

Our goal is to understand the image of Tr^_-^{SLn) — > K^^. 

The connecting homomorphism 5n-i gives a homomorphism 7r^i]^(S'L„/5L„_i) n^_2{SLn-i)- 
The composite homomorphism qn~2°Sn~i therefore gives a map KJ^^ Since SLn/ SLn-i 

is A^-(n — 2)-connected by Proposition 2.5 and Theorem 2.6, if A is any strictly A^-invariant sheaf, 
[AD09, Theorem 3.30] gives a canonical bijection 

H^r\SLn/SLn-i,A) ^ Hom^^^i (7r^ii(5L„,/5L„_i), A). 



13 3 A^-homotopy theory of SLn and Spni some non-stable results 



Applying these observations with A = Kjf,}^, the moiphism qn~2 ° ^n~i is determined by an 
element of i7;jri(5L„/5L„„i, K^)- 

The connecting homomoiphism in the long exact sequence is obtained (up to simplicial ho- 
motopy) by applying simplicial loops to the classifying moiphism SLn/ SLn-i — >■ BSLn-i^, of 
5L„_i-torsor SLn —> SLn/SLn-i- The composite morphism VL\SLn/ SLn~i —> SLn~i 
SLn^i/ SLn~2 comes from the action of SLn-i on SLn^i/ SLn~2- There is an induced mor- 
phism from SLn~i/ SLn~2 to the A^-homotopy fiber of the morphism BSLn~2,» BSLn-i,» 
and this morphism is an A^-weak equivalence. As a consequence, the cohomology class determined 
by the homomorphism q„_2 o5„_i is precisely the primary obstruction to lifting the classifying map 
of the 5'L„„i-torsor SLn — )■ SLn/ SLn-i to a map 5L„/5L„_i — > BSLn-2,»- By definition, the 
resulting class is therefore precisely Morel's Euler class of the 5L„_i-torsor in question. 

The A^-weak equivalence 5L„/5L„_i ~ A" \ also gives an identification SLn/ SLn-i = 
i;"~^Gm^". By means of the suspension isomorphism, the group i/JJr^(5L„/5L„_i, K^_^) 
is then canonically isomorphic to H^^^{Gm^"' , KJ^_^). The group on the right hand side can be 
described in terms of contractions (see Proposition 5.4), and one obtains a canonical identification 
H^r-^\SLn/SLn-i,K^^^) ^ K^^ik). By [Morl2, Lemma 3.10], K^^^^^) ^ ^(^)^ and every 
element of this group is of the form 7]s for s G GW{k). The next lemma gives a precise description 
of this Euler class. 

Lemma 3.1. The Euler class of the SLn-i-torsor SLn — > SLn/SLn-i, which is an element of 
if^^i(5'L„/5L„_i, K^_}y), is the class ofr]ifn is odd and ifn is even. 

Proof Let A2n-i ■= k[xi, . . . , Xn,yi, ■ ■ ■ , Vn]/ (E XiVi - 1) and Q2n-i = Spec(A2n-i). Project- 
ing a matrix to its first row and the first column of its inverse yields a 5L„_i-equivariant morphism 
TTn '■ SLn Q2n~i, whcrc SLn-1 acts trivially on the right-hand term; abusing notation, this 
morphism induces an isomorphism 7r„ : SLn/SLn-i — > Q2n-i for any integer n > 2. 

The vector bundle given by the moiphism SLn/ SLn-i — > BSLn-i,» can be described as 
follows. Let Vn be the standard n-dimensional representation of SLn- As usual, if 1/ is a A;- vector 
space, we write A{V) := Spec Syml/^, where is the /c-vector space dual. We view A{Vn) as an 
5L„-scheme with the induced right action. Let i : SLn^i — >• SLn be the closed immersion group 
homomorphism given by 

'1 0^ 



i{G) 



G 



View SLn as an S'Ln^i -scheme by means of left multiplication by i{G). The quotient map SLn — > 
SLn/ SLn-i is an 5L„_i-bundle and we can form the associated geometric vector bundle: 

En :=A{Vn-i) x^^"-i SLn, 

i.e., the quotient of A(T4_i) x SLn by the diagonal 5L„_i-action, where we view SLn-i as a 
subgroup of SLn- 

Claim. Under the identification TTn ■ SLn/ SLn-i — )• Q2n-i, En is the total space associated with 
the stably free module Pn of rank n — 1 defined by the following (split) exact sequence: 

A2n-l {A2n-ir ^ Pn 0. 
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Viewing Vn as an 5-L„_i -module by restriction via i, it splits as a direct sum k © Vn-i- The 
short exact sequence of -modules 

^ A: ^ K ^ Vn^i 
gives rise, by faithfully flat descent, to an exact sequence of geometric vector bundles 

^ x^^"-i SLn — > A(K) x-5^"-i SLn ^ En^O. 

Since SLn^i acts trivially on A^, the first vector bundle is simply the trivial bundle A^ x SLn/ SLn-i 
Since the moiphism on the right hand side is split, it follows that this is a split short exact sequence. 

Next, define a moiphism (f)n '■ A(y„) x SLn — ;> A" x Q2n~i by 4>n{v,M) = {vM,7rn{M)). 
This morphism is 5L„_i-equivariant for the action of SLn^i on A(V„) x SLn specified above and 
for the trivial S'Ln^i -action on A" x Q2n~-i and, once again abusing notation slightly, therefore 
descends to a morphism (pn : A(y„) y^^^^i-i gj^^ _i. x Q2n-i- 

Combining these facts, we get a commutative diagram whose vertical morphisms are isomor- 
phisms 

^ Ai X ^■^"-i SLn 4^ A(K) X ^^"-1 SLn -^En^O 

^ Al X Q2n-1 ^ A" X Q2n-1 K ^ 

It suffices to check that j' is the announced morphism to prove the claim. 

We now proceed to the computation of the Euler class of En- If n is even, then the Euler class 
of En is trivial since a stably free module given by a unimodular row of even length always has a 
free factor of rank one and thus a trivial Euler class. In case n is odd, the Euler class is computed in 
[Fasl2, Proposition 3.2]. □ 

Lemma 3.2. For n > 3 and odd, there is a short exact sequence of the form 

S„+i T^t\{SLn) ^ K« ^ 0, 
where S„+i is a quotient o/K^^^. 

Proof. We combine the long exact sequences in A^-homotopy sheaves associated with the fibrations 

SLn-i SLn SLn/SLn-i and 5L,„_2 SLn-i SLn^il SLn-2 to get a diagram of the 
form 

n 

7vt2{SLn-2) <USLn-l) ^ ^ <USLn-2) K^.2 ^ 



K 



Q 
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Now, note that coker(-?7 : Kjf^ = K*!^ Under the hypotheses, the composite map 

'in~2 ° : KJ^^ — > KJ^_}^ is multiphcation by t] by Lemma 3.1, a diagram chase shows that 
there is an isomorphism coker(K^_j^ — > K^{_^) — > coker(g„_2). □ 

Homological stabilization for GL^ and tlie sheaf S„+i 

By Lemma 3.2, the sheaf S„+i is a quotient of K^^^ by means of a homomorphism ^^+1 ~^ 
K^]^. As the proof of the aforementioned result makes clear, the factor of K^_^]^ that appears 
comes from the stabilization homomorphism SLn — )■ SLn+i. We now attempt to obtain a more 
concrete description of the image of this homomorphism. Because the sheaf S,i+i is strictly A^- 
invariant, which follows from the fact that the category of strictly -invariant sheaves over a field 
F is abelian [MoiD5, §6], to describe S^+i, it suffices to describe its sections over any finitely 
generated separable extension L/F. The goal, which is realized in Lemma 3.8 after a number of 
preliminaries, is to connect the sections of the morphism K^^^ — > K^^^^ over L to some results of 
Suslin, which we recall below. 

The sections of the simplicial classifying space BGLn,» over any field L give a simplicial set 
whose homology is precisely the standard bai" complex used to compute group homology. The usual 
homomorphism GL„_i ^ GLn induces a morphism BGLn~i,m — > BGLn^,. In this context, we 
can state the result that we will refer to as Suslin's stabilization theorem in the sequel. 

Theorem 3.3 ([Sus84, Theorem 3.4]). IfL is an infinite field, the stabilization homomorphism 

Sm,n '■ F[m{BGLn~l,»{L),Z) > Hm{BGLn,m{L) , Z) 

is an isomorphism if m < n — 1, and Sn^n has cokernel K^^ (L). 

Using the above stabilization result, Suslin constructed a homomorphism from Quillen K-theory 
to Milnor K-theory [Sus84, §4]. Consider the sequence 

(3.1) 

K^{L) := 7r„(5GLoo,.(L)+) Hn{BGL^^,{L)+ ,1.) 

^ HniBGL^M^^) Hn{BGLn,.{L),Z) K^\L), 

where the first homomorphism is the Hurewicz homomorphism, the second homomorphism comes 
from the definition of the plus construction, the third homomorphism is the inverse to the composites 
of the maps coming from the stabilization theorem, and the fourth homomorphism is the projection 
morphism coming from Theorem 3.3. 

First, let us reinterpret the short exact sequence from Lemma 3.2. We observed before that the 
canonical morphism Grn,oo — > BGLn,m is an A^-weak equivalence, so by means of the isomor- 
phisms of Theorem 2.9, for i > 2 the homotopy sheaves 7rf^(5L„) can be replaced by homo- 
topy sheaves of 7r^]^(Gr„ oo)- Furthermore, the inclusion SLn ^ GLn induces an isomorphism 

SLn/ SLn~l ^ GLn/GL 

71—1- 

If we identify Grn,oo as a quotient of an A^-contractible space Vn,oo by a free action of GLn, 
then we get an A^-fiber sequence of the form (cf. [Morl2, Proposition 8.11]) 

GLn/ GLn~l > Hi,,oo X*^^" GLn/GLn-1 > GVn^oo- 
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The space in the middle is A -weakly equivalent to Gr„„i oo by a standard argument. The con- 
necting homomorphism in the long exact sequence of homotopy sheaves attached to this -fiber 
sequence fits into the exact sequence: 

(3.2) Trf (Gr„_i,oo) ^ vrf (Gr„,oo) ^ -KfUiGLjGK^i). 

and one checks that the first homomorphism in the above sequence is precisely the stabilization 
homomorphism 7r^^(5L„„i) ^f-i {SLn) for i > 2. 

For any space X, recall that the functor Singf^ (A!) is obtained as the diagonal of the bisim- 
plicial space — )■ Hom(A*,<Yj), where A* is the algebraic i-simplex. There is a canonical 
morphism A" Sing^^ {X), which is an A^-weak equivalence, and Sing^^ {■) commutes with 
formation of finite limits [MV99, p. 87 and §2 Corollary 3.8]. Furthermore, the augmentation map 
Spec/c — 7> A* induces a morphism Sing^ {X) X. 

The spaces Singf {GLn), Singf (GLn/GLn^i), and Singf (Gr^^oo) all have a version 
of the so-called affine BG property (see [Morl2, Appendix A. 1] for the relevant definitions, and 
[Morl2, Theorems 8.1, 8.9, and 9.21] for the results). The main consequence of this that we use is 
that if L is a finitely generated separable extension of F, there are canonical isomorphisms 

7vf {Grn,oo){L) ^ 7Ti{Singf\Grn,oo){L)), 
7vf{GLn){L)^7Ti{Singt\GLn){L)), and 
Trf (GL„/GL„„i)(L) ^ 7Ti{Singt\GLjGK^i){L)), 

where the vTj on the right hand side denotes the ordinary i-th homotopy group of a simplicial set. 

RemarkSA. To be more precise, Morel proved that Singf^ {GLn) and Sing {GLn/ GLn-i) have 
the affine BG property in the Nisnevich topology for n > 3. Moser [Mosl 1] extended this to treat 
the case n = 2 as well. The space Sing^ (Gr„ oo) has the affine BG property in the Zariski 
topology, and the statement we use is then a consequence of [Mori 2, Theorem A. 19]. 

The A^-weak equivalence GL„/GL„_i — > A" \0 of Theorem 2.6 says that GL„/GL„„i is A^- 
(n — 2)-connected, and thus the simplicial set Singf {GLn/GLn~i){F) is (n— 2)-connected for an 
arbitrary field F. Suslin's homomorphism is defined in terms of a different model of the classifying 
space of GLn, and to this end, we will replace Grn,oo by a different model. We saw above that the 
canonical morphism Gr„ ~^ BGLn,, is an A^-weak equivalence. We now establish a slightly 
stronger version of this fact. 

Lemma 3.5. The morphism Sing^^ {Grn,oo) — ^ Sing^^ {BGLn,m) induced by the classifying mor- 
phism Gr„ oo — ^ BGLn,, is a simplicial weak equivalence. In particular, Sing^ {BGLn,,) is 
-local. 

Proof. The space Grn,oo is a quotient of Vn,oo by GLn, where Vn,oo is a colimit of open sub- 
schemes of affine spaces. Consider the Cech simplicial object C{p) obtained from the morphism 
P '■ ^n,oo — ^ Grn,oo- By [MYQ*^;, §2 Lemma 2.14], the morphism C{p) — )• Gr„ oo is a simplicial 
weak equivalence. It follows that the map Sing^^ {C{p)) Singf^ {Grn,oo) is a simplicial weak 
equivalence (use [MV99, §2 Lemma 1.8]). Furthermore, the n-th term of this simplicial scheme is 
the n + 1-fold fiber product of Ki,oo with itself over Grn,oo- In this case, the n-th temi is isomorphic 
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to Vn,oo X GL^"'. In paiticular, C{p) can be described as the quotient {Vn^oo ^ EGLn^,)/GLn, 
where EGL, is the Cech simplicial scheme associated with the projection GL„ Spec k. Projec- 
tion onto the factor EGL, then defines a morpiiism C{p) BGLn,, and therefore also a morphism 
Singt' (Cip)) ^ Singt' {BGK,,) 

By construction Singf (•) commutes with formation of finite products. The proof of [MV99, 
§4 Proposition 2.3] shows that the structure morphism Singf {Vn.oo) Specfc is a simplicial 
weak equivalence. It follows that the induced morphism Singf^ {C{p)) Singf^ (BGLn^,) is a 
termwise weak-equivalence of simplicial sheaves and therefore a simplicial weak equivalence by 
[MV99, §2 Corollary 1.21]. □ 

As a consequence of this lemma, we have ivf^^ {Grn^oo){L) = T^i{Sing^^ {BGLn^,){L)) for any 
n and any integer i > 0. Taking sections of the exact sequence in Equation 3.2 over L thus yields 
an exact sequence of the form 
(3.3) 

^i{Singt\BGLn^i.,){L)) ^i{Singt\BGLn,,){L)) 7r,^i{Singt\GK/GLn^i){L)). 
for any integer z > 0. 

Because A"\0 is A^-(n— 2)-connected, and because Singf {GLn/GLn~i) is A^-local and A^- 
weakly equivalent to A"\0, it follows that Singf (GLn./GLn^i) is simplicially (n — 2)-connected. 
As a consequence, taking sections over any field L, the Hurewicz theorem (for simplicial sets) gives 
a canonical isomorphism 

(3.4) 7r„_i(5mfff (GL„/GL„„i)(L)) ^ Hn^i{Singt\GLn/GLn^i){L),Z). 

The Hurewicz homomorphism is functorial and therefore gives a commutative square of the form 

Tri{Singt\BGK-i,,)iL)) ^ miStngt" {BGLn,.)iL)) 



H,{Singt {BGLn^i,,){L),Z) ^ H,{Singt {BGLn,,){L),Z). 

These two homomorphisms are compatible by the following result. 
Lemma 3.6. Ifn > 3, there is a commutative diagram of the form 

T^n{Singt\BGLn-i,,){L)) 7r„(5mgf (BGL„,.)(L)) ^ K^"^ {L) 

Hn{Singt\BGLn^i,,){L),Z) /^^(Sm^f (SGL„„.)(L), Z) ^Kf'^iL), 

where all the vertical morphisms are Hurewicz homomorphisms and the farthest right arrow is the 
isomorphism of Equation 3.4. 

Proof If n > 3, because Singf (GL„/GL„_i)(L) is (n — 2)-connected, the first non-trivial 
differential for the homological SeiTe spectral sequence of the fibration Singf (i?GL„_i ,) 
Sing^^ (i?GL„ ,) fits into the short exact sequence of the stated form. □ 
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Lemma 3.7. The augmentation Singf {X) — > X induces a commutative diagram of the form 
Hn{Singt\BGLn-i,.){L),Z) ^ H,,{Singt\BGL,,^.m,Z) ^K^'^iL) 

Hn{BGLn^i,.{L),Z) ^Hn{BGLn,.{L),Z) ^K^\L), 

where the two vertical arrows on the left are split surjections. 

Proof. By Suslin's stabilization theorem 3.3, the homotopy fiber of the map BGLn~i^,{L) — )• 
BGLn^,{L) is homologically (n— 2) -connected. In particular, the same argument as above using the 
homological Serre spectral sequence together with the other part of Suslin's theorem identifies the 
cokemel of the lower left horizontal map with K^\L). That the two vertical arrows on the left are 
split surjections follows from the splitting of the augmentation given by the natural transformation 
Id^Singt\-). □ 

Finally, we can prove the main result we need. 

Lemma 3.8. For any finitely generated separable extension L/F, the morphism K^_^(L) — > 
K.^Li{L) from Lemma 3.2 factors through Suslin's stabilization morphism 3.1. 

Proof. Consider the following commutative diagram 

TTniSingf {BGLn,,){L)) ^ Tr^iSingt' {BGL^,,){L)) 



Hn{Singt {BGLn,,){L),Z) ^ Hn{Singt {BGL^,.){L),Z) 

HniBGLn,,{L), Z) Hn{BGL^,,{L),Z), 

where the vertical arrows emanating from the top row are Hurewicz homomorphisms, and the ver- 
tical arrows incident on the bottom row are split surjections. Furthermore, the lowest horizontal 
arrow is an isomorphism by Suslin's stabilization theorem. 

As we observed at the beginning of this section, the homomorphism tv^^ (BGLn,,) — > 
factors through the map tt^^ {BGLn^,) — > tt^^ {BGLqo,*)- The bottom horizontal arrow is the iso- 
morphism from Suslin's stabilization theorem. Finally, the first sequence of composites in Suslin's 
homomorphism 3.1 is precisely the composite of the two vertical arrows on the right hand side with 
the inverse to the isomorphism given by the bottom horizontal arrow. 

Now, combining Lemmas 3.6 and 3.7 we get a commutative diagram with three rows. We start 
with an element of K^^{L) lying in the image of the map from -KniSingf {BGLn,,){L)). By the 
discussion of the two previous paragraphs, that element factors through K^(L). Since the image 
factors through to K^^{L), commutativity of the diagram described in the first line of this paragraph 
shows that the morphism in question factors through Hn{BGLn,m,Z). Then, by commutativity of 
the diagram two paragraphs above and the definition of Suslin's homomorphism, it follows that our 
morphism factors through Equation 3.1. □ 
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By Theorem 2.9, there are canonical isomorphisms tt^^ (BGLn^,) = tt^^ {BSLn^,) = Tf^^i (SLn) 
Using this fact, the next result impUes Theorem 5, and taking n = 3 the second exact sequence of 
Theorem 4. 



Theorem 3.9. IfF is an infinite perfect field, then for any odd integer n > 3, there is a short exact 
sequence of the form 

S„+i 7Tt\BGLn) ^ K« ^ 0, 
together with an epimorphism K^^^^/n! — ^n+i- 

Proof. The assumption that the base field F is perfect stems from our implicit use of Morel's result 
that a strongly A^-invariant sheaf of abelian groups is strictly A^-invariant. 

By Lemma 3.2 there is a short exact sequence where S„+i is the cokemel of a morphism 
K^^_]^ — > K^^]^. By Lemma 3.8, the morphism of the previous homomorphism factors through the 
Suslin's homomorphism K^_,_^ — > K^^^^ of Equation 3.1. By [Sus84, Corollary 4.4], the image of 
this homomorphism on sections over fields contains n!K^j{^^ (F), which gives the epimorphism. □ 

Remark 3.10. Suslin's stabilization theorem 3.3 and [Sus84, Corollary 4.4] were extended to local 
rings with infinite residue field in [NS89], and independently, to all rings of stable rank 1 in [Gui89]. 
While this is unnecessary for our analysis, these results imply that maps on stalks induced by the 
homomorphism K,^_,_]^ — > 'i^^+i constmcted in Lemma 3.2 are understood. 



Comparing fiber sequences via homogeneous spaces 

Proposition 3.11. For any integers m, n > 1, let i2n ■ Sp2n SL2n be the obvious closed im- 
mersion group homomorphism ( obtained by picking a symplectic form on an n-dimensional vector 

SLm+i be defined by jm{M) ' ^ ^ 



space), jm ■ SL. 

by hn{N) ■■ 



Id 






N 



^0 M 

The following diagram is cartesian 



and hn ■ Sp2n Sp2n+2 defined 



Sp: 



2n ■ 



SL 



2n+l 



Sp2n+2 



l2n + 2 



J2n+1 



SL 



2n+2 



and it induces a diagram 



Sp2n 

J2n«2n 



SL 



2n+l 



SL2n+l/Sp; 



J2n + 1 



Sp2n+2 



«2n+2 



SL 



2n+2 



'2n 



■ SL2n+2/Sp2n+2 



Sp2n+2/Sp2n 



SL2n+2/ SL2n+l 
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where the lines and columns are exact sequences of etale (representable) sheaves. Moreover, the 

induced morphisms Sp2n+2/Sp2n SL2n+2/ SL2n+l and SL2n+l/Sp2n SL2n+2/Sp2n+2 

are isomorphisms. 

Proof. We first check that the square 



Sp: 



2n ■ 



SL 



2n+l 



Sp 



2n+2 



l2n + 2 



■SL 



J2n + 1 



2n+2 



is cartesian. Let -R be a ring, M E SL2n+i{R) and N G Sp2n+2{R) such that j2n+i{M) = 
i2n+2{N), i.e., (J € Sp2n+2{R). Write M = (^"^ ^'^,) with a e R, v e Mi,2n{R), 



w M' 



1 



w G M2n,i{R) and M' G M2n{R)- Expressing the condition for to be symplectic, we 

see that a = 1, f , u; = and M' G Sp2n{R)- That the diagram is cartesian follows because all the 
maps in the diagram are injective. The quotients in the diagram 



Sp2n 

J2n«2n 

SL2n+l 



SL2n+i/Sp: 



J2n + 1 



• Sp2n+2 - 

*2ri+2 

SL2n+2 - 



'2n 



■ SL2n+2/Sp 



2n+2 



Sp2n+2/Sp; 



'2n 



■ S L2n+2 / S L2n+l 



exist by [SGA70, expose VIA, Theoreme 3.2, p311] and they represent the etale sheaves associated 
with the quotient presheaves. 

The isomorphism of the quotients SL2n+2/ SL2n+i Sp2n+2/ Sp2n is classical. Moreover, as 
a consequence, there is a transitive action of Sp2n+2 on SL2n+2/ SL2n+i- Equivalently, there is a 
transitive action of SL2n+i on S L2n+2 / Sp2n+2 and the computations above identifies the stabilizer 
of the identity coset with Sp2n\ the required isomorphism of homogeneous spaces follows directly 
from this observation. □ 

Corollary 3.12. The rows and columns of the pullback square of Proposition 3.11 give rise to 
commutative diagrams of long exact sequences ofhomotopy sheaves associated with afibration. 

Proof. We prove the result for rows; the result for columns is established in a formally identical 
fashion. Essentially, this is a consequence of propemess of the -local model structure. The 
functor Singf (•) is compatible with the formation of limits [MV99, p. 87]. As a consequence, 
given any pullback square of schemes, upon application of Sing^ (•) one obtains a coiTcsponding 
pullback square of spaces. Applying this observation to Proposition 3.11 we obtain a pullback 
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square of the form 

Singf {Sp2n-2) ^ Sing^^ {Sp2n) 

Singf^ {SL2n-i) ^ Sing^^ (5'L2„). 

The induced morphisms of spaces Singf^ {Sp2n) — ^ Sing^^ {Sp2n/ Sp2n~2) and Singf^ {SL2n) — > 
Singf^ {S L2n / S L2n+i) give rise to a diagram of the form 

Singf\Sp2n-2) ^ Singf\Sp2n) ^ Sing^\Sp2n/ Sp2n-2) 

Singf\SL2n~i) ^ Sing^^ {SL2n) ^ Singf\SL2n/ SL2n-i)- 

where the right vertical map is the identity. It suffices to show that this commutative diagram 
of spaces is a moiphism of simplicial fiber sequences by [Wenll, Proposition 5.1] and [Wenll, 
Theorem 5.3]. 

The action of Sp2n~2 on Sp2n is compatible with the action of SL2n-i on SL2n by the com- 
mutativity of the diagram in Proposition 3.11. We can assume all spaces in question are simplicially 
fibrant since the fibrant replacement functor commutes with formation of limits as well. Then, the 
morphism Sing^ {Sp2n) Sing^ {Sp2n/ Sp2n~2) is a simphcial Sing^ (5p2n-2)-torsor and is 
classified by a morphism Sing^ {Sp2n/ Sp2n~2) BSingf {Sp2n~2), and likewise, there is a 
classifying morphism Sm^if" {SL2n/ SL2n-i) BSingf (5L2n-i)- Furthennore, the morphism 
Sp2n-2 ^ SL2n-i iuduccs a morphism BSingf {Sp2n-2) BSingf (5L2n-i)- 

Now, to show that we have a morphism of fiber sequences, it suffices to observe that the 
action of the KillBSingf^ {Sp2n-2) (resp. K^llBSingf^ {SL2n-i)) on Singf^ {Sp2n) (resp. 
Sing^ {SL2n)) is precisely given by the induced action of Singf {Sp2n~2) on Singf {Sp2n) 
(resp. the action of Singf {SL2n~i) on Singf {SL2n))- □ 

Remark 3.13. When n = 2, one can refine Proposition 3.1 1 using the isomorphism SL2 = Sp2- In 
that case one also knows that SL^/Spi = SL^/SL2 is a 5-dimensional smooth affine quadric that 
is A^-l-connected. 

The A^-homotopy type of SL2n/Sp2n 

The inclusion morphism Sp2n GL2n induces a morphism BSp2n BGL2n- Stabilizing this 
morphism with respect to n and taking A^-homotopy sheaves produces a morphism Kf^ K^. 
This morphism, which will be studied in greater detail at the beginning of Section 4, is precisely the 
map induced by "forgetting" the symplectic structure. In the stable range, our understanding of this 
homomorphism can be translated into understanding of the A^-homotopy theory of SL2n/Sp2n- 
Indeed, there is an A^ -fiber sequence of the form 

SL2n/Sp2n > BSp2n > BSL2n- 

We now construct a stabilization morphism that will allow us to compai^e the spaces SL2n/ Sp2n for 
different values of n. 
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Lemma 3.14. There is a pullback diagram of the form 

Sp2n-2 ^ SL2n-2 

■' " 
Sp2n ^ SL2n- 

Next, consider the sequence of inclusions Sp2n-2 ^ SL2n-2 ^ SL2n- Tliese inclusions 
induce morphisms of homogeneous spaces 

SL2n-2/Sp2n-2 ^ SL2n/Sp2n-2 > SL2n/SL2n-2, 

where the second morphism is Zariski locally trivial with fibers SL2n~2/ Sp2n-2- Indeed, the sec- 
ond morphism is the projection onto the first factor SL2n'X^^'^"^'^ SL2n-2/ Sp2n-2 —> SL2n/ SL2n-2- 

Next, consider the sequence of inclusions Sp2n-2 ^ Sp2n ^ SL2n- These inclusions induce 
morphisms of homogeneous spaces 

Sp2n/Sp2n-2 ^ SL2n/Sp2n-2 > SL2n/Sp2n- 

Again, the second morphism is a Zariski locally trivial smooth morphism with fibers isomorphic to 
Sp2n/ Sp2n~2- In this case, the second morphism is the projection onto the first factor SL2n x^p^" 

Sp2n/Sp2n-2 ^ SL2n/Sp2n- 

Composing the inclusion in the first sequence with the projection in the second sequence we 
obtain a morphism 

(3.5) SL2n~2/Sp2n-2 >SL2n/Sp2n, 

and composing the inclusion in the second sequence with the projection in the first sequence we 
obtain a morphism 

Sp2n/Sp2n-2 > SL2n/SL2n-2 

Furthermore, in both sequences above, as the associated spaces of an 5L2„-torsor (resp. Sp2n- 
torsor), these sequences are again A^-fiber sequences. Using Lemma 3.14 as before, there are 
morphisms between the resulting -fiber sequences as well; we summarize this in the next result. 

Corollary 3.15. The pullback diagram of Lemma 3. 14 induces a morphism of fiber sequences 

Sp2n~2 ^ SL2n~2 ^ SL2n~2/ Sp2n-2 

Sp2n ^ SL2n ^ SL2n/ Sp2n 

where the right vertical morphism is that of 3.5. 

From the discussion above, we have a morphism Sp2n/ Sp2n-2 — ^ SL2n/ SL2n-2- Composing 
with the projection SL2n/ SL2n-2 — ^ SL2n/ SL2n~i, we get the isomorphism Sp2n/ Sp2n~2 
SL2n/SL2n~i of the previous section. We summarize these two observations in the following 
result. 
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Lemma 3.16. The morphism Sp2n/ Sp2n-2 SL2n/ SL2n~2 admits a retraction, and the projec- 
tion morphism SL2n/ SL2n-2 SL2n/ SL2n~i splits. 

There is one further relationship between the quotients SL2n/Sp2n and SL2n~2/ Sp2n~2- By 
the isomorphism we wrote down before, we can identify SL2n/Sp2n — SL2n-i/ Sp2n-2- There is 
then a sequence of the form 

SL2n-2/Sp2n-2 ' > SL2n-l X^^^'^^^ SL2n-2/ Sp2n-2 > SL2n-l/ SL2n-2, 

where the middle term is isomorphic to SL2n-i/ Sp2n-2 and the second morphism is Zariski locally 
trivial with fibers isomorphic to S L2n-2 / Sp2n-2- Again, this is an associated space of an SL2n-2- 
torsor and so gives rise to an A^-fiber sequence. Note that, in this case, SL2n-i/ SL2n-2 is A^- 
(2n — 3) -connected. 

A short exact sequence describing tt^^ {SL2) 
The fibre sequence 

5*^2 — > Spi > Sp4,/ Sp2 

and the A^ -equivalence Sp^/ Sp2 ~ A^ \ induce an exact sequence 

(Sp,) . Kf ^ Trf {SL2) Trf [Sp,] 0. 

Both sheaves 7r^^{Sp4) and vTg" (5p4) ai^e in the stable range and so we know by Theorem 2.10 
that TTg^ {Spi) = Kg^ and ivf^ (Sp,) = K^*'. Thus the above sequence reads as 

Kf ^ Kf ^ Trf ' {SL2) Kf 0. 

If we write 

S^=coker(Kf ^Kf^), 

where the map on the right is from the exact sequence just above, and we identify SL2 = Sp2, then 
in order to understand {SL2), it remains to describe S4. 
To this end, let 

: Kf Kf 

be defined as the composite of the forgetful morphism K^^ — )■ and the morphism 994 : — > 
K.^^ of Lemma 3.8. We write S4 for the cokernel of tp',. The next result is a refinement of [Wen 11, 
Proposition 6.1 1]. 

Lemma 3.17. The composite K.^^'^ — )■ S4 yields an exact sequence 
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Proof. Consider the cartesian square 

Sp4 ^ SLi 

Spe *- SLq 

of Lemma 3.14. The vertical quotients are respectively Spe/Spi and SLg/SL4. We know that 
Spe/Spi has the A^-homotopy type of \ 0, which is A^-4-connected again by Theorem 2.6. 

The columns of the cartesian square in the previous paragraph give rise to a morphism of A^- 
fiber sequences by Corollary 3.15 and a corresponding moiphism of associated long exact sequences 
in A^-homotopy sheaves. By the connectivity results just mentioned, the portion of these long exact 
sequences regarding degree 3 homotopy sheaves yields a commutative diagram with exact columns 
of the form: 

-Trf (5L6/SL4) 



^riSpe) -vrf (5L6) 

0. 
The space SLq/SL^ also fits into an A^ -fiber sequence of the form 

SL^I SLi^ — y SLq/ SLi^ — y S Lq/ S L^i, 

where the fiber has the A^-homotopy type of A^ \ and the base has the A^-homotopy type of 
A^ \ 0. Moreover, by Lemma 3.16 the moiphism SLq/SL^ SLq/SL^ is split by the mor- 
phism SpQ I Sp4 SLq I SL4 and therefore the corresponding long exact sequence in A^ -homotopy 
sheaves is also split; this splitting induces an isomorphism K^^^ ^ Tvf {SLq/ SL4). 

The connecting homomoiphism in the A^ -fiber sequence SL4 — )• SLq — )■ SLq/SL^ is induced 
by the classifying map SLq/ SL^ — )• BSL4, while the connecting homomorphism in the A^-fiber 
sequence SL4 — > SL^ — )• SL^/SL^ is induced by the classifying map SL^/SL^ — )• BSL4. 
These two homomorphisms are compatible by means of the inclusion SL4 ^ SL^ ^ SLq, and it 
follows that the composition k|^^ — > {SLq/ SL^) vTg {SL4) is induced by the connecting 
homomorphism in the fibre sequence 

SL4^ — y SL^ — y SL^/ SLi^. 

There are stabilization isomorphisms vTg ^ {SL^) — )• vTg ^ {SLq) = and vrf ^ {Spi) = vTg ^ {Spq) = 
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Sv 

K4 . We then obtain a commutative diagram with exact columns of the form: 





■r^MW 
^5 



■t^MW 
^5 



vrf (5p4) ^7rf (SL4 



■t^MW 



Kf Kf 

0. 

The morphism — )• in the bottom row agrees with Sushn's homomorphism upon taking 
sections over finitely generated extensions of the base field by Lemma 3.8 (while the quoted lemma 
appears to implicitly assume that n is odd, that assumption was only necessary in order to define the 
homomorphism; in the situation under consideration we observe explicitly a factorization through 
r] and the same proof then applies here as well). Similarly, we already obsei^ved that the forgetful 
homomorphism is induced by the morphism BSpoo BGL^o coming from the inclusion Sp2n ^ 
GL2n and therefore, since the morphism K^^ — in the bottom row is induced by stabilization, 
it follows that this morphism is precisely the forgetful homomorphism. 

By performing a diagram chase, we observe that S4 is an extension of S4 by the image of 
T] : Kg^*^ K4^^. To finish, observe that it follows from the description of [Mor04, Theorem 
5.3] that the image of r? : Kf ^ Kf is precisely □ 

Remark 3.18. Our guess is that the morphism — > S4 is injective. 

Lemma 3.19. If the base field k is assumed to have characteristic unequal to 2, there is a surjective 
morphism Kf /12 S^. 

Proof. In Section 4 we write /4^2 : for the forgetful homomorphism. With this 

notation, by definition, we have an exact sequence of sheaves 

Kf ^^K4^ 

Now, for any field F, there is a natural homomorphism of groups KI^{F) — > K^{F) in- 
duced by the isomorphism Kf^ (F) k'^{F) and the ring structures. This yields a morphism 
of sheaves ^4 : K^^ — > K^. In Section 4, we will also introduce the hyperbohc morphism 
i?4^2 : K4^. To prove the lemma, it suffices to show that there is an epimorphism of 

K4^/12 to the cokemel of the composition 
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In view of [Sus84, Corollary 4.4], this follows from the commutative diagram 



?4 



•Kf 



induced by Lemma 4.3. 



□ 



The next result, which gives the second part of Theorem 4, follows immediately by combining 
Theorem 2.9, and Lemmas 3. 17 and 3. 19. 

Theorem 3.20. If the base field k is assumed to be infinite perfect and to have characteristic unequal 
to 2, then there are short exact sequences of the form 







S4 — > vrf {GL2) 



and 



S" 



K 



0, 



Sp 







where S4 is a quotient of K.^^ / 12. 

Remark 3.21. The stabilization sequence for Sp2n gives the exact sequence 

7V^UBSp2n~2) TTf^{BSp2n) T^fn-l{Sp2n/ Sp2n~2) 

7V^^^,{BSp2n-2) 7rf^i(i?Sp2n) ^ 0. 

We know 7v^^_^iSp2n/Sp2n-2) = K^^w and Tv^^{BSp2n) = By the compatibility of fiber 
sequences of Corollary 3.15, we know that the morphism vrf^ (i35p2n) ''^2n-ii'^P2n/ Sp2n-2) 
fits into a commutative diagram of the form 

'^2n{BSp2n-~2) ^ 7vf^{BSp2n) ^ 7r^^_i{Sp2n/ Sp2n-2) 



^^l{BSL2n-l) ^t{BSL2n) TT^^i (5L2„/5L 



2n-l) 



Results of Hutchinson-Tao [HTIO, Theorem 1.1] give stabilization results for the homology of the 
special linear group which are very similar to Suslin's stabilization theorem 3.3. In addition to 
only being proven for fields having characteristic 0, one main difference between these results and 
Suslin's involves the appearance of . In particular, Hutchinson and Tao constioict an exact 
sequence of the form 

i/2n(5SL2„-l,.(L),Z) H2n{BSL2nAL),^) ^ Kn^{L) 
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One can then construct a homomorphism i^2n (^) ~^ ^2n^(-^) follows. Consider the com- 
posite 

^ K^^{L) := 7r2„(S5p+ ) ^ H2n{BSp^,Z) H2n{BSL^,Z) 

An argument similar to that of Lemma 3.8, will then show that the induced homomorphism — > 
Kg^^ factors thi^ough a Hurewicz style homomorphism just like Suslin's [Sus84, §4]. Unfortu- 
nately, we do not know a result analogous to Suslin's result [Sus84, Corollary 4.4] regarding the 
image of this map. 



4 Grothendieck-Witt groups 

In this section, we begin by recalling some basic facts about Grothendieck-Witt groups. These 
are a Waldhausen-style version of hermitian K-theory. The general reference here is the work of 
M. Schlichting ([SchlOa], [SchlOb]). The main goal is to prove Theorem 4.11, which will give 
a description of the third cohomology of the sheaf Kg^ (which appears as one term in the exact 
sequence of Theorem 3.20). 



Definitions 

Let X be a smooth scheme with 2 € Ox{X)^ (we keep these assumptions throughout the section, 
though it is not necessary for some of the arguments). Let V{X) be the category of coherent locally 
free Oa' -modules and Ch^{X) be the category of bounded complexes of objects in V{X). It carries 
the structure of an exact category, by saying that an exact sequence of complexes is exact if it is exact 
m'P{X) degreewise. 

For any line bundle on £ on X, the duality Homc)^^ (_, C) on V{X) induces a duality on 
Chf'{X) and the canonical identification of a coherent locally free module with its double dual 
gives a natural isomorphism of functors wc '■ 1 — > tt^tJ/:- One can also define a weak-equivalence 
m Ch\X) to be a quasi-isomorphism of complexes. This shows that {Ch''{X),qis,^c,'^c) is 
an exact category with weak-equivalences and (strong) duality in the sense of [SchlOb, §2.3] (see 
also loc. cit., §6.1]). The (left) translation functor T : Ch^{R) Ch^{R) yields new dualities 
jjn ._ rpn Q ^j^j canonical isomorphisms zu^ := (— l)"''""'""'^^/^ro£. 

To any exact category with weak-equivalences and duality, Schlichting associates a space GW 
and defines the (higher) Grothendieck-Witt groups to be the homotopy groups of that space [SchlOb, 
§2. 1 1]. More precisely: 

Definition 4.1. For i > 0, we denote by GW^{X,£) the group 7rigWiCh''{X),qis,i\^,zu^^). If 
C = Ox, we write GW/(X) for GW^iX, Ox). 

One can extend further the definition of Grothendieck-Witt groups by considering a spectrum 
GVF(C/i^(X), gis, tt^, ro],) [SchlOb, §10]. The negative Grothendieck-Witt groups are defined as 

GWii{X,C) := 'K^iGW{Ch\X),qis,f^,w{) for i > 0. 
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For any j G Z, the group GWq {X, C) coincides with the Grothendieck-Witt group defined by 
B aimer- Walter of the triangulated category D^{V{X)) of bounded complexes of coherent locally 
free Ox -modules endowed with the corresponding duaUty ([Schll, Lemma 8.2], [Wal03, Theorem 
5.1]), and negative Grothendieck-Witt groups coincide with triangular Witt groups as defined by P. 
Balmer (see, e.g., [ ]) under the formula GWl^iX, C) = W'+^{X, C). 

The Grothendieck-Witt groups defined above coincide with hermitian K-theory as defined by 
M. Karoubi ([Kar73], [KarSO]) in the case of affine schemes, at least when 2 is invertible (see 
[SchlOa, Remark 4.16], see also [Hor02]). In particular, given a smooth /c-algebra R we have the 
identifications 

GW^{R) = KiO{R) 
GWf{R) = KiSp{R). 

There are identifications GWl{R) = ^iUi{R) and GWj^{R) = Ui{R), where the groups Ui{R) 
and -iUi{R) are Kai^oubi's U groups, and GVF" is 4-periodic in n. Comparing [PWIO, Theorem 
8.2] with the above definitions yields a description of the sheaves K^''^ from the previous section. 
We summarize this observation in the following result. 

Proposition 4.2. The sheaf K^^ is the Nisnevich sheafification of the functor on Sttik defined by 
X ^ GW^{X). 

Functoriality 

Let be a field having characteristic unequal to 2, and suppose X is a smooth fc-scheme. By 
definition, these groups are contravariantly functorial in the input space, i.e., given a morphism 
/ : X — > y of smooth schemes and a line bundle C on Y, there are puUback homomorphisms 

/* : GVF/(y,£) GWi{XJ*C). 

These pullback morphisms satisfy a number of the "usual" properties, which we now discuss. 

If i : [/ — > X is an open immersion with closed complement Z := X \U, then one defines 
the Grothendieck-Witt groups with support on Z using the exact category CH^{X)z of complexes 
supported on Z. In this setup, there is an associated long exact localization sequence: 

. . . ^ GWlz{X, C) GWi{X, C) GW^U, C) GW^^^^X, £) ^ . . . . 

Note, however, that in general there is no "devissage" isomorphism comparing the Grothendieck- 
Witt theory of Z with the theory supported on Z. We will return to this issue when we discuss 
transfers. 

The higher Grothendieck-Witt groups also are A^-homotopy invariant. More precisely, given 
a vector bundle p : E ^ X (or, more generally, a Nisnevich locally trivial morphism with affine 
space fibers), the induced morphism p* is an isomorphism. 

One can compare Quillen K-theory with higher Grothendieck-Witt groups with the hyperbolic 
moiphisms Rij : Ki{X) GW^{X,C) and forgetful morphisms fij : GW^{X,C) Ki{X) 
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defined for any i, j € N and any line bundle L over X. The hyperbolic and forgetful morphisms are 
connected by means of the Karoubi periodicity exact sequences 

...^K,{X):^ GWiiX, C) ^ GWlzl[X, cf±^'K,^,{xf-^'GWl,{X, £) ^ . . . 

where rjij are certain connecting homomorphisms. 

The composition fijoHij is in general difficult to understand, but the situation is slightly better 
when X is taken to be a field. For any field F, the identification : K^^{F) K^{F), induces 
a (functorial in F) homomorphism : Kf ^F) — > K^{F) using the ring structures on both sides. 

Lemma 4.3. For any field F having characteristic unequal 2, and for any integers i,j > 0, the 
following diagram commutes: 

K^{F) . Kf{F) 

Proof. Let (£", a;, [J, 77) be an exact category with weak-equivalences and duality in the sense of 
[SchlOb, §2.3]. With any exact category with weak-equivalences, one can associate the hyper- 
bolic category {HE, uj) ([SchlOb, §2.15]). Its objects are pairs {X, Y) of objects of C, a morphism 
{X, Y) {X', Y') is a pair (a, b) of morphisms of C with a : X X' and b : Y' ^ Y . Such 
a morphism is a weak-equivalence if a and b are. The switch {X,Y) {y,^) yields a dual- 
ity * on T-LS and there is an obvious identification id : 1 — Thus {T-L£,uj* ,id) is an exact 
category with weak-equivalences and duality. The Grothendieck-Witt space QW{'H£,uj* ,id) is 
naturally homotopic to the i^-theory space }C{£,lo) [SchlOb, Proposition 2.17]. In this context, 
the forgetful functor F reads as F{X) = {X,X^) for any X in £. On the other hand the hyper- 
bohc functor H : US £ is defined by H{X,Y) = X QY^ ([SchlOa, §3.9]). The composition 
FH : {'H£,u},\id) {n£,u* ,id) is then given by y) = (X ® Yi,X^ Q Y^^). In 

particular, this composition is the same for {£, cu, fj, rj) and {£, to, ft, —rj). 

Consider now {ChP{F),qis,]),^ ,w^). We have an involution on GL{F) defined by G 1-^ 
(G*)~^. This involution induces a ring homomorphism r : Ki{F) — )• Ki{F) (which is the identity 
on Kq). Using [SchlOb, Proposition 8.4] and our description of FH, we see that the compositions 

Ki{F) GWiiF) K,{F) 

are equal to 1 + (— 1)-'t. Now t corresponds to Id on Kq{F) and multiplication by —1 on Ki{F). 

□ 

The Gersten-Grothendieck-Witt spectral sequences 

In analogy with Quillen i^-theory, one can define a coniveau spectral sequence on Grothendieck- 
Witt groups [FS09], but the situation is a bit more complicated since one has to take into account the 
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relevant dualities. Nevertheless, there exists for any n € N and any line bundle £ over X a spectral 
sequence E{n, LY'^ converging to GW^^p_g{X, C) whose terms at page 2 are 

Here, uj^^ denotes the duality on Ch^{k{xp)) defined on A; (xp) -vector spaces by 

Since the Gersten conjecture holds for Grothendieck-Witt groups [FS09, Remark 27], any line q e Z 
at page 2 gives a flasque resolution of the sheaf associated with the presheaf 

one typically refers to elements of this kernel as unramified elements in GW^_q{k{U),u}^g). 

Notation 4.4. If X is a smooth scheme, and £ is a Une bundle on X, for any i,j £ N, write 
GW] {£,) for the Zariski (or Nisnevich) sheaf associated with the presheaf of unramified elements 

mGW^{kiX),ug). 

In particular, taking n = 2 and g = — 1, we see that the line g = — 1 in the spectral sequence 
E{2)P''J is a flasque resolution of the sheaf Kf^ = GW^. 

Remark 4.5. One useful fact about the Gersten-Grothendieck-Witt spectral sequences is that the 
forgetful homomorphisms fij : GW-{X,C) Ki{X) and hyperbolic homomorphisms Hi^j : 
Ki{X) — )■ GWl (X, C) induce morphisms of spectral sequences between the Gersten-Grothendieck- 
Witt spectral sequence and the Brown-Gersten-Quillen spectral sequence in A'-theory (and con- 
versely). 

Transfers 

In this section, we refer to [Gil07a] for more information on the category of complexes of quasi- 
coherent Ox -modules with coherent and bounded homology, and the duality on it. 

Let X be a smooth scheme with 2 invertible and let M.{X) be the category of quasi-coherent 
Ox -modules. We denote by Cft,^(A4(Ox)) the category of complexes of objects in M.{Ox) whose 
homology is bounded and coherent. We can define a structure of exact category on C/i[!(Al(Ox)) 
by saying that a sequence of complexes is exact if it is degreewise exact. A weak-equivalence of 
complexes is a quasi-isomoiphism. 

If >C is a line bundle over X, we fix an injective resolution X of £ 

C lo 1-1 . . . I-d 

and we consider for any complex M £ Ch^^{M{X)) the complex tji(M) := Homc)^(M,I). 
There is a canonical isomorphism wx : 1 — > ttxttx ^rid then (C/i|!(A^(X)), qis, jij, wj) is an exact 
category with weak-equivalences and duality. As seen in the previous section, the translation functor 
yields new dualities (Ij and and we can define the coherent Grothendieck-Witt groups as the 
homotopy groups of the space QW associated with {Ch}'^{M.{X)),qis, (tx, wi)- 
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Definition 4.6. For i > 0, we denote by GW] {X, C) the group TiigW{Ch!i,{M{X)),qis, ftx, wx). 
If £ = Ox, we simply put Gw\ {X) instead of Gw\ {X, Ox). 

The embedding V{X) C M{X) yields a functor l : Ch\X) Ch''^{M{X)) and the choice 
of an injective resolution I of C induces a natural transformation o l ^ i o which is a duality 
preserving functor in the sense of [SchlOb, §2.1]. The functor l is moreover non-singulai" and exact 
and then induces a morphism of spaces 

L : gW{Ch\X),qis,U,^c) gW{Chl{M{X)),qis,h,wx) 

which is a weak-equivalence by means of [SchlOb, Lemma 2]. 

Let X, Y be smooth schemes, and / : y — > X be a finite moiphism. We will assume that X and 
Y are integral and set r = dim(X) — dim(y). Let £ be a line bundle on X and I be an injective 
resolution of C 

C Jo /-I . . . I-d 0. 

Let / : (y, Oy) — > {X, f^Oy) be the morphism of ringed spaces induced by /. We let /"X be 
the complex / (Hom0-^ (/^.OyjX)) and we observe that /"Z induces a duality on Ch'^{M-{Y)) 
[Gil07a, §2.4]. The trace map induces a duality preserving functor o (J^ttj ^ tJx ° /* and therefore 
we get a moiphism of spaces 

A : gW{Ch'^{M{Y)),qis,^pi,Wp:,) gW{Ch'^{M{X)),qis4x,wi). 

Let J\f be the invertible Oy -module f*'ExtQ^ {f^OY,C) [Gil07a, §4.3]. Then [Jjtti is an injective 
resolution of Af (shifted — r times) by [Gil07a, §4.3] and therefore /* induces a morphism of spaces 

: e?w(c/i^(A^(y)),(?is,s-;^,ti7;„y ^ gwich',{M{x)),qis,h,^x) 

giving homomoiphisms /* : GW-~^{Y,J\f) — ^ GW-{X,C) for any i > and any j G Z. If 
/ : y — )• X is a closed immersion, observe that, by construction, factorizes thi'ough the groups 
on X supported on Y. 

A finite morphism preserves the filtration by codimension of support, and then induces mor- 
phisms of Gersten-Grothendieck-Witt spectral sequences (see, for instance, [Fas08, Lemma 5.3.2]). 
These observations allow one to prove the following "devissage" result: 

Proposition 4.7. Let X be a smooth scheme and letY C X be a closed smooth subscheme. Let 
Cbe a line bundle over X andN := f Ext^^ (/,Oy , £). Let r = dim(X) - dim(y). Then the 
transfer homomorphisms 

h ■■ GWr{Y,M) GWly{X,£) 
are isomorphisms for any i,j € N. 

Proof. Our argument is along the same lines as [Gil02, §4]. We know that /* induces a morphism 
between the corresponding Gersten-Grothendieck-Witt spectral sequences and it suffices to prove 
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that it is an isomorphism at page 2 to prove the result. After devissage [FS09, Proposition 28], 
induces a homomorphism 

for any i/p G Y^p\ where tu^^ = Homjfc(yp) (F, Ext^^ {k{yp),J\f (g) OY,yp)) for any vector space 

V and = Homfc(j^p)(y, Ext^'lJ {k{yp),C Ox,yp))- The morphism is induced by the 
canonical identification 

Ext^^^^(fc(yp),AA® Oy,,J Exe^; jk{yp),£0 Ox,y,) 
and is therefore an isomorphism. □ 

Computation of H'^-^^X, Kf ) 

Our aim in this section is the computation of H^-^^[X, Kg^). As seen in the section on the Gersten- 
Grothendieck-Witt spectral sequences, the line (7 = — 1 at page 2 in the spectral sequence E{2)P''^ 
provides a flasque resolution of Kg'' in the Zariski topology. Since Grothendieck-Witt groups of 
smooth schemes are homotopy invariant, the sheaf Kg^ is strictly -invariant and thus its Zariski 
cohomology coincides with its Nisnevich cohomology by, e.g., [Morl2, Corollary 5.43]. We are 

Sv 

thus reduced to the study of the Gersten resolution of Kg whose last terms look as follows: 

GW?{k{x2),u;,,)^ GWi{kix3),u;,,)^H'iX,KlP)^0. 

To understand the right-hand cohomology group, we first compute the groups GWi{F) and GWq{F) 
for any field F (again, we assume that F has characteristic unequal to 2). Observe that by definition 

GW^{F) = KiO{F). 

Lemma 4.8 ([FS08, Lemma 4.1]). Let F be afield with 2 G F^. The hyperbolic fiinctor i/0,3 : 
Ko{F) GW^{F) yields an isomorphism Z/2 ^ GW|(F). 

Lemma 4.9 ([Bas74, Corollary 4.7.7]). Let F be afield with 2 G F^. The determinant det : 
KiO{F) — > Z/2 and the spinor norm Sn : KiO{F) — ?• F^ /{F^ )^ induce an isomorphism 

KiO{F) ^Z/2eF^/(F^)2 

More precisely, the factor F^ / {F^ )^ is the image of the hyperbolic functor 

Hi^o-Ki{F)^GW?{F) 

while the factor Z/2 is the image of the homomorphism 771 : GWi{F) — > GW'^{F). 

Notation 4.10. We will denote by Gh'\X) the group Ci7"(X)/2, where CH'''{X) is the Chow 
groups of codimension n cycles in X. 
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By means of functoriality of the Gersten resolutions, we obtain a commutative diagram of the 
form 



Kl(M^2))/2 



■ A'o(fc(x3))/2. 



Ch^{X) 







H 



H 



G<(M^2), 



Z/2. 



■ GWiik{x3),u,,)^H^{X,KlP)^0 



and combining Lemmas 4.9 and 4.8 with the discussion of the last paragraph, the first two columns 
are short exact sequences. A diagram chase then yields an exact sequence of the form 



z/2^^Ch^{X) ^H^{X,K 



3 ) 



0. 



Now, the commutative diagram 



GW^{kix,),u;,,) GW^{k{x2),oj,,) 



V2,l 



Vl,0 



G<(A;(xi),a;,J GW'3(fc(x2), cu,, 

xiGXW X2GX(2) 



Ho,3 



Ki(fc(xi))/2. 

xi&XW 



■ Ko{k{x2))/2 

X2&XW 



shows that the map 0^2ex(2) Z/2 -> Ch^{X) actually factors through a map Ch^{X) Ch^{X) 
that we still denote by x- 

Next, recall from [Bro()3, §8] that one can define Steenrod square operations Sq^ : Ch^{X) — )■ 
Ch^~^^{X) for any n € N satisfying reasonable functorial properties. In particular, ii f : Y ^ X 
is aproper morphism of smooth connected schemes, we have [Bro03, 8.10, 8.11, 9.4]: 



Sq\h[y\) = ci{u^x/k)hm) - Mci{uJY/k)), 



where ujx/k (resp. ojy/k) is the canonical sheaf of X over Spec k (resp. Y over Spec k). 
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Theorem 4.11. If X is a smooth scheme of dimension 3 over afield k having characteristic different 
from 2, then there is an exact sequence of the form 

Ch^{X) Ch^{X) ^ H^{X, K^P) ^ 0. 

Proof. Let ^4 be a Dedekind domain, and £ be an invertible A-module. We compute GWq{A, C) 
using two different methods. Kai^oubi periodicity yields an exact sequence of groups for any n G N 

GW^{A, C) Ko{A) GW^+\A, C) W^+\A, C) 

where the last term on the right is the triangular Witt group defined by P. Balmer (see [Bal05]). 
Using the fact that W^{A,C) = because A is of dimension 1 [BW02, Theorem 10.1], we get 
a suijective map Hq^, '■ ^'^o(^) ^ GWq{A, C). Using the exact sequence once again, we get an 
exact sequence 

K^^A) ^-^^^ KoiA) GW^{A, C) W^A, C) 0. 

To compute /o,3 o //o,3> recall that there is an isomorphism : Z © Pic{A) — )■ Kq{A) defined by 
93(m, N) = {m - l)[A] + [N] for any m G N and N € Pic{A). If M is a projective A-module, 
then (/o,3 o i7o,3)([M]) = [M] — [M^ (g) £]. Using (p, we see that the composite morphism 

/o,3 o Ho,3 ■■ Z © Pic{A) ^ Z © Pic{A) 
is given by (/o,3 o Ho^3){m, N) = (0, N®'^ (g) (/Z^)®'"). We therefore get an exact sequence 

^ Z © Ch\A)/{C) GW^iA, C) ^ W^{A, C) ^ 0. 

We now use the Grothendieck-Witt spectral sequence E{0)P''^ to compute GWq{A,C). Setting 
Y = Spec{A) and writing K for the field of fractions of A, we see that the line g = at page 1 
takes the form 

while the line q = —1 takes the form 

yi€YW 

We first analyze the line q = 0. Since is a field, there is an exact sequence 
^ Z — ^ GW^{K, C) ^ W{K, C) ^ , 
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which yields a commutative diagram 

Z ^0 

H 

where the columns are short exact sequences, the middle line is the line g = in the spectral 
sequence E{0)P''^ and the bottom line is the Une g = in the Gersten-Witt spectral sequence. The 
kernel of the bottom map is VF'^(A, C) by [BW()2, Corollary 10.3] and we get an exact sequence 

^ Z ^ H'^{A, GW[](/:)) ^ W^{A, C) ^ 0. 

We now analyze the line E{<S)2~^ . Lemmas 4.8 and 4.9 yield a commutative diagram 

K^{K)/2 K^{k{y,))/2 

H 

H 

yi£YW 

GW^{K, £) ^ 

where the columns are short exact sequences. Thus, just as in the discussion subsequent to Notation 
4.10, we obtain an exact sequence of the form 

Z/2 Pic{A) /2 ^ {A, GW°{C)) ^ 

where the map g has yet to be identified. To understand g, observe that the spectral sequence yields 
an extension (since dim(A) = 1, the spectral sequence collapses at page 2) 

^ H\A, GW?(i:)) ^ GW^{A, C) ^ H^{A, GWl{C)) ^ 0. 

Using again our computation of GW^{k{yi),ijjy^), we see that the composition 

Pic{A)/2 ^ H^{A, GW?(/:)) ^ GW^{A, C) 
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is equal to Hqq (restricted to the Picard group). Looking at our first computation of GWq{A, C), 
we tiierefore see that g is such that g{l) = [C]. 

With these results in hand, we now return to the original problem. Let X2 € X^'^^ and let Y be 
the normalization of the closure Z of X2 in X. Observe that the composition f : Y ^ Z C X is a 
finite morphism. To compute the composition 

it suffices by definition to compute the component corresponding to the summand GWg (A:(x3), w^^g) 
for any 2:3 E X^'^h We can then assume that X = Spec{Ox,x3 ) and that Y is an essentially smooth 
curve with a finite number of closed points. Moreover, we have k{Y) = k{x2) by definition, and 
we let C := ujY/k ® f*^x/k ~ ^ Ext0^(/*C'y, Ox)- The morphism induces a commutative 
diagram 

GTy°(fc(x2),^..,) ^ GWl{k{x^),u:,,) 

and the differential dy on the component Z/2 of GW^{k{Y),iOy^ can be computed using our 
analysis in the case of Dedekind rings. Projecting GVFq (fc(yi), onto CH^{Y), we find 

dyiX) = ci{C) in Ch^{Y). 
We find therefore 

/*(iy(T) = f^ci{ujY/k f*^x/k) = Sq^(l) 
and the theorem is proved. □ 

Remark 4.12. Let X be a smooth scheme of dimension d over a field k with 2 G A;^. The same 
proof as above shows that H'^{X, GW;;^-^) = coker(5g2 : Ch'^-'^{X) Ch'^{X)). 

5 Vanishing theorems 

In this section, we review some basic properties of the contraction construction, which is useful 
in giving explicit descriptions of the terms of Gersten resolutions. Together with these facts, we 
prove a number of cohomological vanishing results that will be used in Section 6 to provide explicit 
descriptions of sets of isomorphism classes of vector bundles. 

Contractions 

Suppose is a strongly A^-invariant sheaf of groups. For any smooth A;-scheme U, the unit of 
defines a morphism G^ — )■ G^ x U. Recall that Q^i is the sheaf 



g.i{U) = ker(^(G™ X [/) ^ g{U)) 
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Iterating this construction one defines G~i- 

Remark 5.1. The projection map Gm x ?7 — >■ ?7 is split by the inclusion U — )■ Gm x U given by 
taking the product with the identity Specfc — )• Gm- Suppose A is a strictly A^-invariant sheaf of 
groups. Applying A to the projection gives a homomorphism A(f7) — A(Gm x U), which is split 
injective since the composition U Gm x C/ U is the identity on U. This observation allows us 
to identify its cokernel with the contraction just mentioned. We will use this alternative presentation 
for contractions later. 

If we restrict ()_i to the category of strictly A^-invariant sheaves of groups, it is an exact functor 
(see, e.g., [Morl2, Lemma 7.33] or, more precisely, its proof). 

Theorem 5.2 ([Morl2, Theorem 6.13]). If {X, x) is a pointed A^-connected space, then for every 
pair of integers i,j > 1, 

Lemma 5.3. For any integers i,j > and any integer n > 0, there are canonical isomorphisms 

{Yif ln)^j and 



if 3 > i 



^tj if 3 < i 
if 3 > i 



Remarks on the proof. The proofs of these two statements can be obtained by the same method as 
that of Proposition 5.4, which is a bit more delicate, so we will prove that statement instead. □ 

To describe the contractions of GW], it is more convenient to identify (GW^)_i as the coker- 
nel of the morphism (see Remark 5.1) 

/:GW^'^GW^(-xG™) 

where p* is induced by the projection p : X x Gm X. 

Proposition 5.4. For any i,j £ N, we have (GW^)_i = GW^~p 

Proof. It suffices to prove that for any local ring A we have an exact sequence of groups 

^ GWliX) ^ GWliX x Gm) GWizliX) 

where X = Spec(A). Denote by C the line q = j — i at page 2 of the Gersten-Grothendieck-Witt 
spectral sequence E{jY'^ and by C' the line q = j — ia.t page 2 of the spectral sequence E{j — 1)^'^. 
Since the Gersten conjecture holds for Grothendieck-Witt groups, C provides a flasque resolution of 
the sheaf GW^ while C provides a flasque resolution of GWizl- Arguing as [Mori 2, Theorem 
5.38], we see that the projection p' : X x ^ X induces for any n G N an isomorphism 
(/)* : C) X A^ C). Since X is local, we then have H'^{X x A^ ,C) = and the 
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long exact sequence in cohomology associated with the open embedding i : X x Gm X x 
reads as 

H^{X xA\C) H°{X X G„, C) ^ Hj^^^^y{X x A\C) ^ 0. 

The proof of Proposition 4.7 shows that the closed embedding j : X x {0} X x A^ induces 
isomorphism F"(X,C') H''J^+^^^^{X x A\C) for any n G N (here we trivialize the invertible 

module j*'ExtQ^ {j*Ox, CxxaO using the Koszul complex associated with the global section 
t € k[t]). Thus we get an exact sequence 

^ GWliX) ^ GWliX X Gm.) GW{zl{X) 

and therefore (GW])_i = GWlzl □ 
Cohomology of K}^w 

For any n € Z, we denote by I" the unramified sheaf (in the Nisnevich or Zariski topology) of the 
n-th power of the fundamental ideal as considered for instance in [Fas09]. If £ is a line bundle 
over a smooth fc-scheme X, we denote by the sheaf twisted by C (denoted by in [Fas09]). 

The next result, which uses the affirmation of the Milnor conjecture on quadratic forms [OVV07], 
follows from [Mor04, Theorem 5.3]. 

Theorem 5.5 (Morel). Suppose X is a smooth k-scheme. For any n ^'L and any line bundle C on 
X, there is a short exact sequence of sheaves on the small Nisnevich site of X of the form 

P+i(£) K^^(£) K^^ 0. 

Proposition 5.6. Let X be a smooth scheme of dimension d over afield k with cd2(A;) = r < oo 
and let C be a line bundle on X. Then the Zariski sheaf Y^{C) = Ofor any n > r + d + 1. 

Proof. By definition of !"(£) it is sufficient to prove that I'^{k{X),C (8" k{X)) = 0. Choosing a 
generator of £ (8) k{X) yields an isomorphism I^{k{X)) ~ I^{k{X),C k{X)) and we can thus 
suppose that C is trivial. Consider the quotient group /''(fc(X)) := /"(fc(X))/I"+i(/c(X)). The 
affirmation of the Milnor conjecture yields an isomorphism / {k{X)) ~ Hq^y{^^{X), fif^). The 
latter is trivial since cd2{k{X)) < r + d by [Ser94, §4.2, Proposition 11]. It follows then from 
[AP7 1 , Korollar 2] that r{k{X)) =0. □ 

Corollary 5.7. Let X be a smooth scheme of dimension d over afield k with cd2(A;) = r < oo and 
let Cbe a line bundle on X. Then H^^^{X, I" (/I)) = Ofor any i G N and any n > r + d + 1. 

Proof. The sheaf admits a Gersten resolution by [Gil07b, CoroUaiy 7.7]. It follows that its 

Nisnevich cohomology coincides with its Zariski cohomology, and therefore the result follows from 
the above proposition. □ 

We now prove a yet stronger vanishing statement for 
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Proposition 5.8. Let X be a smooth affine scheme of dimension d over afield k with cd2{k) = r < 
oo and let C be a line bundle on X. If d > 1, then H^^^(X, F (£)) = Ofor any j>d + r. Ifd>2 
then we have H^J^^iX, F(/:)) = Ofor any j >d + r. 

Proof. Once again, the cohomology of the sheaf P{C) computed in the Zariski topology coincides 
with the corresponding computation in the Nisnevich topology. We therefore prove the result for 
cohomology computed in the Zariski topology. By Proposition 5.6, we are reduced to the case 
j = d + r. The exact sequence of sheaves [Fas()9, §2. 1] 

^ I'^+'-+\C) ^ ^ 1'^+'' ^ 

yields a long exact sequence in cohomology and Proposition 5.6 shows that H'''{X, (£)) = 

for any i G N. Therefore, for any i G N, one obtains isomorphisms 

H'ixX^'^iC)) H\X,t^'') 

and it suffices to prove the result for H''-{X, I ). 

For any smooth scheme X and any g € N, let T-L'^ be the sheaf associated with the presheaf 
U I-)- H^^{U, /if '^). The Bloch-Ogus spectral sequence ([B074]) converges to the etale cohomology 
groups /if"^) and its groups at page 2 are the groups H-^^^{X, H'^). These are computed via 

the Gersten complex 

H<i{k{X\^r)^ i/'?-i(A:(xi),/.f-^) — .... 

a;ieX(i) 

The affirmation of Milnor's conjecture on quadratic forms [OVV07] shows that this complex is 
isomorphic to the complex 

T{k{x))^ T-\k{x,))^..., 

which is a flasque resolution of the sheaf l''. It follows that the two sheaves are isomorphic and 
therefore that H\xX) ~ H\X, W) for any i G N. The proof of Proposition 5.6 shows that the 
lines g>r + d + lare trivial in the Bloch-Ogus spectral sequence. This shows that we have an iso- 
moiphism H^^^{X,n'^+'') ~ /ig) and a surjective homomorphism H?f+''-\X, (12) ^ 

^Za/ (-^' 'H'^'^'')- The result therefore follows if we can show that Hi^iX, ^12) = Ofor i > d+r + 1. 
If k is separably closed, this is [Mil80, Chapter VI, Theorem 7.2]. In general, it suffices to use the 
Hochschild-Seixe spectral sequence ([Mil8(), Chapter III, Theorem 2.20], see also [Mil8(), Remark 
2.21(b)]) and the result for separably closed fields. □ 

Corollary 5.9. If k is a quadratically closed field, X is a smooth affine k-scheme of dimension 
d> 2, and £ is a line bundle on X, for any pair of integers i, j > d — 1, there are isomorphisms 
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Proof. Use the long exact sequence in cohomology associated with the short exact sequence of 
sheaves 

V+^{C) Kf _^ Kf 
and Proposition 5.8. □ 

A vanishing result for cohomology of K*^/m 

Proposition 5.10. Let X be a smooth affine variety of dimension d over a field k. If there exists 
an integer m > such that for any closed point x € X the group k[x)^ is m-divisible, then 
H\X,^'^iJm) = ^. 

Proof. The Gersten resolution for the sheaf K^'^^/m gives an exact sequence of the form 

(K^li/m)_rf(/c(x)) ^<,(X,K^i/m). 

Furthermore (K^^-|^/m)_rf = K]*^/m, and K]^^/m(A;(3;)) = k{x)^ / {k{x)^)^ = by assumption. 

□ 

6 Obstruction theory and classification results 

In this section, we begin by reviewing aspects of obstruction theory involving the Postnikov tower 
in A^-homotopy theory. We combine the results of the previous sections with obstruction theory for 
the Postnikov tower of BGLn to obtain information about vector bundles. The section closes with 
some additional information. Specifically, using the discussion of contractions, we provide some 
statements relating our computations of A^-homotopy sheaves from Section 3 to ordinary homotopy 
groups of the unitary groups by means of the complex realization functor. 

The Postnikov tower in A^ -homotopy theory 

If ^ is a (Nisnevich) sheaf of groups, and A is a (Nisnevich) sheaf of abelian groups on which 
(7 acts, there is an induced action of (7 on the Eilenberg-Mac Lane space K{A, n) that fixes the 
base-point. In that case, we set K^{A, n) := EG x ^ A'(A, n). The projection onto the first factor 
defines a morphism {A., n) BQ that is split by the inclusion of the base-point. 

Just as simplicial homotopy classes of maps [X,K{A,n)\s ai^e in bijection with elements of 
i/^;g(X, A), there is a corresponding classification theorem in this "twisted" setting. A map X — > 
K^{A,n) gives, by composition, a morphism X BQ, which yields a t^-torsor — X by 
pullback. Then, the morphism of the previous sentence can be interpreted as a (7-equivariant map 
— > K{A, n), i.e., a ^-equivariant degree n cohomology class on X with coefficients in A. The 
following result summarizes the form of the Postnikov tower we will use; this result is collated from 
a collection of sources including [GJ09, Chapter VI.5], [MV99] and [Morl2, Appendix B]. 

Theorem 6.1. If {!T,y) is any pointed A^-connected space, then there are a sequence of pointed 
spaces {'y^^\y), morphisms pi : 'Y — )■ 9^^*^ andmorphisms fi : — ). such that 
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i) is i + l-truncated, i.e., 7vf\0^,y) = Ofor j > i, 

ii) the morphism pi induces an isomorphism on homotopy sheaves in degree < i, 

Hi) the morphism fi is an A^-fibration, and the homotopy fiber of fi is a K{'Kf^'^{'y),i + 1), 
iv) the induced morphism y — )• holinij 9^^*^ is an A^-weak equivalence. 
Furthermore, fi is a twisted A^-principal fibration, i.e., there is a unique (up to A^-homotopy) 

: ^« ^ i^<'(^)(7rf+i(^),i + 2) 

such that is the A^ -homotopy fiber of this morphism, and the action of Trf^ (9^) on the higher 

A^ -homotopy sheaves is the usual conjugation action induced by change of base-points. 

Remark 6.2. When we apply this theorem, irf^ (9^, y) will be a sheaf of abelian groups. 

If (7 = 1, then the word "twisted" can be dropped in the above statement. In that case, given 
an A^-principal fibration £ — > ® classified by a morphism ® — > (here ^' is an Eilenberg-Mac 
Lane space), a morphism — > ® lifts to £ if and only if the composite morphism X ^ ^' h 
homotopically constant. Moreover, the simplicial function object preserves fibrations [MV99, §2 
Lemma 1.8.3], so there is a fibration 

SiX,'E) S{X,'B) 

whose fiber is S{X, il^^'). Thus, the space of lifts over a given map X — > ® is isomorphic to 

s{x,nin- 

In the special case where ^' is an Eilenberg-MacLane sheaf, the obstruction to lifting is the 
pullback of the "universal" class on S given by ?B ^ to X. Furthermore, the loop space in 
question is again an Eilenberg-MacLane sheaf, and the space of lifts of a given map — > ® is 
parameterized (as a set) by a corresponding cohomology set. 

When (7 acts non-trivially, the setup is similar; but one works t^-equivariantly. In that case, 
the obstruction to lifting is given by an equivariant cohomology class on X, which is pulled back 
from the "universal" class S — )■ Note that, in this case, the homotopy fiber is an ordinary 
Eilenberg-Mac Lane space (rather than a twisted one). In practice, we will use the Postnikov tower 
to factor a space as a sequence of twisted -principal fibrations and then deduce an (inductively 
defined) sequence of obstructions to lifting: each subsequent obstruction is defined after choosing a 
lift, whose existence is guaranteed by vanishing of the previous obstruction. 

The universal primary obstruction vanishes 

The primary obstruction to existence of vector bundles can be analyzed by means of the discussion 
of the previous section: in this case, the situation is paiticulaiiy simple. To begin, recall that BSLn 
is A -1-connected for any n > 2 by Theorem 2.9. We also know that vrf [BSLn) = vrf (5L„) 
and the latter is K^^ for n = 2, and K^^ for n>2. 

The second stage of the Postnikov tower for BSLn gives rise to a (principal) fiber sequence of 
the form 

BSL^^^ BSL'^^ K{7vf{BSLn),3). 
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Since BSLn,, is Ai-l-connected, BSL):I, = *, and the map BSL);;, — > K{-k^ {BSLn),3) is 
trivial. We summaiize this in the following result. 

Lemma 6.3. The universal obstruction class BSLn^ — ?> K{7T2^ (BSLn), 3) is trivial. 

We know that the map BSL^ BGLn induced by the inclusion of 5L„ into GL„ is, up 
to A^-homotopy, a Gm-torsor and consequently an A^-covering space [Moi l2, Definition 7.1 and 
Lemma 7.5] (we can replace BSLn with the model BgmSLn of [MV99, §4.2] using the standard 
representation of SLn, and this space is evidently a Gm-torsor over Gr„ oo)- This presentation 
allows us to deduce an action of Trf^ (BGLn) = Gm on ivf^ {BSLn) for i > 2. In this case, the 
twisted Eilenberg-MacLane space K^"^ {wf^ (BGLn) , j) is the quotient sheaf 

K''-{7vf\BGLn),j) := EGm i^(7rf j), 

as discussed in [Morl2, §B.2]; this furthermore completely determines the second stage of the A^- 
Postnikov tower for BGLn- 

Remark 6.4. The action of G^ on 7V2^ {BGL2) = is non-trivial and gives rise to an action 

of Gm on the space K(K^^,2). The homotopy fiber of the map BGL^^^ — > BGm is also a 

Proposition 6.5. The universal obstruction class BGLn^ j^^Gm (71-^^ [BGLn), "i) factors through 

the constant map BGra i<r'^'"(7r^ [BGLn), 3) induced by inclusion of the base-point of K{7r2 (BGLn), 3). 

Proof First, identify BGL^n^ = BGm- The map BGL^n^ i^<=^-(7rf'(SGL„), 3) is then a 
map BGm K^"^{7V2 (BGLn), 3). However, this map comes from a Gm-equivariant map 
BSL^n^ K{7Tf{BSLn),3). The aforementioned map is homotopically trivial by Lemma 6.3. 
As a consequence of this, the action of G^ on a representing class is also trivial. □ 

Corollary 6.6. If X is any smooth scheme over a field k, then the primary -homotopy theoretic 
obstruction to existence of a rank n vector bundle on X with given determinant line bundle lies in 
cohomological degree > 3. 

Proof. We want to build a map X BGLn by inductively working up the (twisted) Postnikov 
tower. We begin with a constant map X — > BGLn^ = *. We then choose a lift X — )• BGLn\ 
which, since BGLn^ = BGm, corresponds to fixing a line bundle ^ on X. The primary obstruction 
to lifting this class to a map X — BGLn^ is the puUback of the universal obstruction BGLn^ 
^Gm|-j^MW^ 3); since the latter map is homotopically the constant map BGm — ^ BGm by Propo- 
sition 6.5, it follows that precomposing with the map X — > BGLn^ is simply the map ^. We may 
therefore fix a lift of this class to the second stage of the Postnikov tower of BGLn, and the next 
potentially non-trivial obstmction lies in degree > 4. □ 

Lifting classes versus Chern classes 

As we saw above, the A^ -Postnikov tower for BGLn gives rise to a sequence of morphisms 
BGLn BGLn . If we consider the identity map BGLn — > BGLn, since each induced map 
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(i) 

BGLn BGLn lifts to a morphism BGLn — ?• BGLn , the identity map factors thi^ough 
a morphism BGLn,m — >■ K{7vf {BGLn),i) for each i. Since for i < ?i we have identifications 
Tvf^ (BGLn) = K^, these classes can be identified with elements of [BGLn, K(K.f , These 
classes admit the following geometric description. 

First, using the A^-weak equivalence Gr„ oo BGLn, we can view these classes as canonical 
elements in i7*(Gr„ oo> K^). The space Grn,oo is a filtering colimit of finite-dimensional grass- 
mannians Gvn^n+N- By Bloch's formula, ff*(Gr„ „+7v, K^^) = CW{Grn^n+N)- In particular, 
these groups are isomorphic to Z independent of for i < n. Therefore, the limit CH^{Grn,n+N) 
only depends on n and, as a consequence, ff*(Gr„ K^) = Z. The calculation of the cohomol- 
ogy of the grassmannian gives us a canonical generator q of H'^{Grn,oo, K,^). It follows that our 
obstruction class is a multiple of q. 

When i = n, the situation is just a bit more complicated. In that case, repeating the discussion 
of the previous paragraph, one obtains a canonical class in On,n 

G H'^{BGLn,-^n {BGLn)). If n 
is odd, then Theorem 3.9 gives rise to a long exact sequence of the form 

-^Nis(^''"n.,oo) {BGLn.oo)) ^ -^Nisl^'^njOO) K^) > (Grn^oo,^n+l) 

The image of o„^„ e H^-^^{Grn,oo,'i^n) = Z is a multiple of c„. 

Remark 6.7. In [Pet59, Lemma 4.5], an explicit relationship is given between c„ and On,n- Using 
this and compatibility of our constructions with complex realization, one deduces a more precise 
relationship between o„ „ and c„. 

For n < 3, the lifting classes can be defined analogously, and we can be even more explicit. 
For n = 1, BGLi ^ BGm = K{K.f , 1) and oi,i G H^{BGm, Kf ). For n = 2, we can give 
the lifting class a slightly different description. Instead of considering the identity map BGL2 — > 

BGL2, we consider the identity map BSL2 — > BSL2, which is G„i-equivariant. In that case, 

(2) 

we can identify the lifting class canonically as Gm-equivariant cohomology class since BSL2 = 
K(Kf'^, 2). More precisely, the lifting class is a canonical element 02,2 G H^.^ {BSL2, K^^) = 
i?2(SGL2,K^^(detO): here the action of 7Vi{BGLn) = on K(K^^^,2) is indicated by 
the notation (and depends on fixing a determinant line bundle). However, the image of this lifting 
class in H'^{BGL2,K.2^) induced by the epimorphism K^^(det^) — is independent of 
these choices. 

Proposition 6.8. If n = 1 orn = 2, then On.n = Cn- 

Proof. If n = 1, then BGLi = BGm = , 1) as mentioned above, so there is nothing to 

check. If n = 2, this statement is the content of the last paragraph of [Mori 2, Remark 7.22]. □ 

The action of G™ = Kf on 

As we observed above, the sheaf nf^ (BGLn) = Gm acts on it {BGLn) for any n > 1. When 
i < n, the sheaves tt^ {BGLn) are in the stable range, and the action of Gm on these sheaves 
coincides with the action of Gm on vrf ^ {BGL^o) = K^. 

Lemma 6.9. For any i > 0, the action ofGm on induced by the identifications tt*^ {BGL^o) = 
Gm <^nd 7vf^ {BGLoo) is trivial. 
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Proof. The action in question is determined by a morphism of sheaves Gm Hom fKT^. Kt^). 
Since both sheaves are strongly A^-invariant, so it suffices to prove the induced maps on sections 
over fields is trivial. If L is a field, identifying K^{L) as ■Ki{BGLoo{L)), the result follows from 
the definition of the plus construction. □ 



Classification of rank 2 bundles 

Henceforth, we assume that k is algebraically closed and has characteristic unequal to 2. In that 
case, we can assume X{k) is non-empty, and we will fix a base A; -point. Assume X is a smooth 
affine A;-scheme. Here is the structure to which proofs of all results below will conform. If X is 
of small dimension, by means of the A^-Postnikov tower, and Theorems 2.9, 3.20, or 3.9, we can 
describe A^-homotopy classes of pointed maps [{X, x), BGLi]j^i. The set of isomorphism classes 
of vector bundles of rank n on X is described by the set of unpointed homotopy classes of maps 
(see Theorem 2.3). To set of unpointed homotopy classes of maps [X, BGLi]^\ can be obtained by 
factoring out the the conjugation action of vrf {BGLn){k) = Gm{k) on [{X, x), BGLi]^i. 

Theorem 6.10. If k is an algebraically closed field having characteristic unequal to 2, and X is 
a smooth affine 3-fold, the map sending a vector bundle of rank 2 to its Chem classes determines 
a bijection between the pointed set of isomorphism classes of rank 2 vector bundles on X and 
CH^{X) X CH^{X). 

Proof. As observed in Corollary 6.6, the primary obstruction to existence of a rank 2 vector bundle 
on X vanishes. Fix a class ^ G Pic{X). Since the primary obstruction vanishes, the first lifting 
class is an element of H^{X, vrf {BGL2)), which by the descriptions of homotopy sheaves (and in 
the notation) given above is isomorphic to H'^-^^{X, K|^^(^)). The short exact sequence of sheaves 
on X of the form 

l3(^) ^ Kf 0. 

Taking cohomology of this short exact sequence gives rise to the sequence 

-^H\X,l\0)^H\X,\^f^{i))^H\X,J^l')^H\X,l\i)) ^ ... . 

Since k is algebraically closed, H'^{X,1^{^)) and H'^{X,1^{^)) vanish by Proposition 5.8, so the 
moiphism in the middle is an isomorphism. By Bloch's formula, H'^{X, Kg^) = CH'^{X). As a 
consequence, the primaiy lifting class is uniquely determined by an element of GH'^{X). Moreover, 
since BGL'^^ = Kg„i(K2^^, 2), the discussion above shows that the lifting class is exactly an 
element of Cij2(x). 

The secondary lift is an element of H^{X,-Kf [BGL2)). We know that irf {BGL2) is an 
extension of Kg^ by S4, and the latter is an extension of S4 by I^(^); we also know that the 
former is a quotient of K.^^ /12. By Corollary 5.7, the sheaf I^(^) is trivial and therefore the 
sheaves S4 and S4 are isomorphic. For reasons of cohomological dimension, there is a surjec- 
tive map i?3.jX,Kf /12) ^ Hl,.jX,S'^). The first group vanishes by Proposition 5.10 and 
therefore H^-^^{X, S4) = 0. Thus, the long exact sequence in cohomology gives rise to an isomor- 
phism H^ JX, 7vf{BGL2)) Hf^ J^, Kf^). By Theorem 4.11, H^^ JX, Kf^) is a quotient of 
CH^{X)/2. Since X is affine, GH^{X) is uniquely divisible by [Sri89] and therefore CH^{X)/2 
is trivial. 



45 



6 Obstruction theory and classification results 



Given the above data, we have built a pointed A -homotopy class of maps X — > BGL2. The 
action of Gm on tt^ {BGL2) is induced by change of base-points. For i = 2, this action is not 
trivial, but we only care about the induced action of Gm{k) on H^^^{X, K^^(^)). However, since 
k is algebraically closed, as explained above, the action factors thi^ough an action on H^^^{X, 
The moiphism Gm i^2^ is induced by the stabilization, and Lemma 6.9 shows the action is 
trivial in the stable setting. Since H^{X, vrf {BGL2)) is trivial, the action of Gm{k) on this group 
is also trivial. Thus, pointed and unpointed homotopy classes of maps coincide. Finally, we identify 
the lifting classes with the Chem classes by means of Proposition 6.8. The map {01,02) : 1^2{X) — )■ 
CH^{X) X CH'^{X) is therefore a bijection: it is injective since the arguments above show that a 
vector bundle is uniquely determined by its lifting classes, alias Chern classes, and it is surjective 
since, given the data of Chem classes, we can build a map X — > BGL2 by the obstruction theory 
arguments above, and such a map extends uniquely to a vector bundle on X. □ 

Classification of rank 3 bundles 

Theorem 6.11. Ifk is an algebraically closed field having characteristic unequal to 2, and X is a 
smooth ajfine 3-fold, then the map sending a rank 3 vector bundle to its Chem classes determines 
a bijection between the pointed set of isomorphism classes of rank 3 bundles on X and the set 
CH^{X) X CH^{X) X CH^{X). 

Proof. Again, we fix a class ^ : X ^ BGL^^^ = BGm, which corresponds to a class in CH^{X). 
As in the proof of Theorem 6. 10, the obstruction classes vanish, so it suffices to understand the 
relevant hfts. The next lift is an element of H'^{X, vrf (SGLs)) = H'^{X, K^) = GH'^{X). The 
subsequent lift is an element of H^{X, vTg ^ (BGL^)). However, we know that vTg ^ (BGL^) is an 
extension of by S4, where S4 is a quotient of K.^^ /6. We know that H^{X, K|^/6) vanishes 
by Proposition 5.10, and for reasons of cohomological dimension, it follows that H^{X, S4) = 0. 
Therefore, there is an isomorphism H^{X, (BGLs)) A H^{X, K^) = GH^{X). 

Thus, the set of pointed -homotopy classes of maps is in bijection with the set in the state- 
ment. We claim that the induced action of Gm{k) on GW{X) is trivial for i = 1, 2, 3. To see this, 
observe that for each i, since k is algebraically closed, the action of Gm{k) on H^{X, tt^ {BGL3)) 
factors through H^{X, K.f) and this factorization is induced by the stabilization map Tvf^ (BGL^) — > 
Tvf^ (BGL^^j). Thus, it suffices to check that the action is trivial in the stable setting, in which case 
the triviality follows from 6.9. 

The identification of the first two lifting classes with Chern classes follows from Proposition 
6.8. In-so-far as the third Chem class is concerned, we proceed as follows. We know 03^3 is a 
multiple of 03 in the universal setting and since the lifting class on X is a pull-back of 03^3 by means 
of an A^-homotopy class of maps / : X — > BGL^ we deduce that /*03 3 is a. fixed multiple of 
/*(c3). Since X is a smooth affine 3-fold and k is algebraically closed, we know that GH^{X) is 
uniquely divisible (again, see [Sri89]). Therefore, by dividing by the fixed multiple if necessary, we 
can replace the third lifting class by C3. Given these obsei^vations, the proof can be concluded as 
in the rank 2 case: the map (ci, C2, C3) : '^3(X) ^ GH^{X) x GH'^{X) x CH^{X) is injective 
since the Chem classes uniquely determine the lifting classes, and surjectivity follows since, given 
the data of Chem classes, obstmction theory tells us how to build a pointed map X — )• BGL^ with 
prescribed lifting classes. □ 
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Remark 6.12. Suppose k is algebraically closed and has characteristic unequal to 2. Assume d > 3 
is an odd integer. With more care in the description of the lifting classes, it should be possible to 
obtain classification results for rank d vector bundles on smooth affine fc-folds of dimension d. In 
particular, if there is no {d — l)!-torsion in CH*{X), it should be the case that vector bundles of 
rank d are determined by their Chern classes. 

Isomorphism vs. stable isomorphism 

As a corollary of the above results, we get the following statement which is a strengthening of 
[Fasl 1, Theorem 5.4]. 

Corollary 6.13. Let X be a smooth affine 3-fold and let E and E' be two vector bundles over X. 
Then E and E' are stably isomorphic if and only if they are isomorphic. 

Proof. We have to prove that stably isomorphic vector bundles are indeed isomorphic. If E has 
rank one, this is obvious. If E has rank > 2, then since E and E' are. stably isomorphic, they have 
the same Chern classes. When E has rank 2, the required isomorphism follows from Theorem 6.10. 
When E has rank 3, the required isomorphism follows from Theorem 6.11. When E has rank n > 4, 
then the resulting homotopy sheaves are already in the stable range. Since E and E' are stably iso- 
morphic, the composite of the classifying maps X BGLn become isomorphic when composed 
with the stabilization morphism BGLn BGLoo. Pick a base-point of X arbitrarily. The same 
obstruction theory arguments as above show that [{X,x), BGL„]j^i — > [{X, x), BGLoo,oo] is a 
bijection for X of homotopy dimension < 3. This follows inductively from the observation that the 
A^-homotopy fiber of the morphism BGLn — )■ BGLn+i is GLn+i/GLn, which is A^-(n — 1)- 
connected by Theorem 2.6. □ 

A On the sheaf 

Recall that in Section 3 we defined the sheaf as the cokemel of a morphism of sheaves Kn — >■ 
K^^. Lemma 3.8 showed that, assume our base field F was infinite, upon taking sections over an 
extension field L/F, the morphism of the previous sentence coincides with the (functorial in L) 
homomorphism Kn{L) — > K^^{L) defined by Suslin (see 3.1). Since both sheaves are strictly 
-invariant, it followed from this observation that there was an epimorphism 

/(n - 1)! ^ S„. 

To prove this epimorphism is an isomorphism, it is necessaiy and sufficient to check that this is the 
case on sections over finitely generated extensions of F, i.e., the above morphism is an isomorphism 
if and only if, for every finitely generated extension L/F, Suslin's homomorphism I{n{L) — > 
K^^{L) has image precisely equal to (n — 1)IK^^ (L); the question of whether this is so is what we 
will refer to as Suslin's question (in degree n). 

In what follows, we will study Suslin's homomorphism in greater detail by considering the 
canonical homomorphism K^^{L) — > Kn{L). Under the identification of Milnor K-theory with an 
appropriate motivic cohomology group, this latter homomorphism can be thought of as an edge map 
in the motivic spectral sequence, as was observed originally (to our knowledge) by T. Geisser and M. 
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Levine. One can give explicit conditions under which Suslin's homomorphism has image precisely 
equal to (n — 1)\K^^ , but these hypotheses are rather cumbersome except for small values of n. 
We describe an "absolute rigidity conjecture" for a certain motivic cohomology group, appai^ently 
posed by Suslin, that, as Sasha Merkurjev explained to us, guarantees that S4 = K.^^ /6. 

The motivic spectral sequence 

Recall that there is a spectral sequence with £'2''^ = HP~'^{Spec L,Z{—q)) that converges to 
KSp-q{L) [Sus03, FS02, Lev08]. Here, since the complexes Z(— g) are trivial for —q < 0, and 
since ^^^"'^(Spec L, Z{—q)) vanishes ifp — q> —q, it follows that this is a third quadrant spectral 
sequence. The complex Z has cohomology in degree only, and the complex Z(l) has cohomology 
only in degrees and 1. Since the motivic cohomology groups 
follows that = K^^{L). 

Because of the Voevodsky-Rost solution [Voe03, Voell] to the Bloch-Kato conjecture, which 
implies the Beilinson-Lichtenbaum conjecture by work of Suslin-Voevodsky, much more is known 
about the groups that appear in the £2 -page of the motivic spectral sequence. 

Lemma A.l. Ifp — q <0, then £2"^ is uniquely divisible (except for p = (7 = Oj. 

Proof. The coefficient sequence Z ^ Q — > Q/Z induces morphisms of motivic cohomology 

i/'~^'-''(X,Q/Z) H''^{X,Z) W'\X,Q) H''^{X,Q/Z) 

Now, Q/Z is isomorphic to the product of its p-primary components. The p-primary components 
is the direct limit of Z/p". Now, if i < j, the Bloch-Kato conjecture says that motivic cohomology 
with Tj/p"- coefficients is isomorphic to etale cohomology. If i < 0, then the coixesponding etale 
cohomology group vanishes since etale cohomology in negative degrees is trivial. Applying these 
observations, we deduce that E^'"^ is uniquely divisible for p — q < and torsion free for p — g < 0. 
It remains to prove that when p — q = that E^''^ is divisible. 

The universal coefficient theorem gives a commutative diagram of the form 

^ i/0''?(L, ^ ^^'^(L, Z/£) 

<■ 

^ H^'i{L, Zi) /£ ^ H^''^{L, Z/£) 

where the horizontal maps are injective and the right vertical map is an equality. 

We may assume without loss of generality that L is finitely generated over the prime field 
[MVW06, Lemma 3.9]. Now, the BeiUnson-Lichtenbaum conjecture implies that the map Z^(i) — > 
B£{i) is a quasi-isomoiphism (the latter is a limit of truncations of pi restricted to the Nisnevich 
site). In particular, since L has only finitely many roots of unity, it follows that H^{L, B£{q)) = 0. 
As a consequence, H^''^{L,Z£) = 0. It follows that H^''^{L,Z) is ^-divisible, and since £ was 
arbitrary, it follows that H^''^{L, Z) is divisible. □ 
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Thus, the ii^2-page of the spectral sequence then takes the form 




























Z 



























Kf{L) 


E- 


-5,-2 


E- 


-4,-2 


E' 


-3,-2 


E' 


-2,-2 


E' 


-1,-2 




E- 


-5,-3 


E- 


-4,-3 


E- 


-3,-3 


E' 


-2,-3 


E' 


-1,-3 


Ki\L) 


E- 


-5,-4 


E- 


-4,-4 


E- 


-3,-4 


E- 


-2,-4 


E' 


-1,-4 





where all the terms E^''' on and above the line p = qaie uniquely divisible. 

The next result is a consequence of the multiplicative structure of the motivic spectral sequence, 
which is established in [FSU^, Theorem 15.5]; the result was originally established in [GLOO, Propo- 
sition 3.3]. 

Lemma A.2 (Geisser-Levine). The edge homomorphism K^^{L) — t- Kn{L) is the homomorphism 
induced by the natural isomorphism Kf^ {L) ^ k'^{L) and compatibility with products. 

Suslin's question in degree 4 and motivic cohomology 

We now consider Suslin's question when n = 4. In that case, Suslin's question has a positive 
answer, i.e., the map K^'^{L)/6 — )■ S4(L) is an isomorphism, if and only if the reduction modulo 6 
map K^{L)/6 K^^ {L)/6 is the trivial map. Using the motivic spectral sequence, we will factor 
this map through a different motivic cohomology group. 

To unburden the already suffering notation, we drop the superscript Q used to denote Quillen 
K-theory. The description of the motivic spectral sequence above implies that the filtration on A'4 
has 3 non-trivial steps: F-^K4{L)/F-^K4{L) = E^^'^"^, F-^Ki{L)/ F^Ki{L) = E^~^, and 

From the above picture it is clear that [L) surjects onto -ESo"^. To analyze the remaining 
terms we will need some additional information about the differentials in the motivic spectral se- 
quence. Classically, it is known that the differentials in the Atiyah-Hirzebruch spectral sequence are 
torsion, and Soule established a motivic analog of this fact. More precisely, Soule constructed an 
action of Adams operations on the motivic spectral sequence that is compatible with the differentials 
(see [GS99, §7.1] for one construction). 

Lemma A.3 (Soule [Sou]; see, e.g., [PWOl, Lemma 1.3]). For any given r, there exists an integer 
M, independent ofp and q such that M ■ dp ^ = 0. 

The only differential incident on E2 ' comes from E2 ' , and all outgoing differentials are 
trivial. By Lemma A.l £"2 ' is a uniquely divisible group, so by Lemma A.3 the differential 
incident on E2 ' is trivial. All higher differentials are trivial, and as a consequence we deduce 
that H^'^{L,Z) = E~^~^ = E~^'~^. Similarly, the group E2 ' is uniquely divisible, again by 

Lemma A.l. There are no non-trivial incoming differentials, and the outgoing differential is trivial 

2 2 2 2 

by Lemma A.3. All higher differentials are trivial and therefore E2 ' = Eoo ' 

The image of the homomorphism K^\L) — > K4{L) is precisely F^K4{L), which is a subgroup 
of F^^K^i^L). The composite map K^\L) K4{L) — > K^\L) is trivial when reduced modulo 
6 by Suslin's theorem. Therefore, the map K4{L)/6 K^\L)/Q induced by reducing Suslin's 
homomorphism modulo 6 factors through {F~'^ K4{L) / F^ K4{L)) / Q. 
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Now, there is a short exact sequence of the form 

— > H'^'^{L,Z) — > F~'^Ki{L)/F^Ki{L) — > H°''^{L,Z) — > 0. 

Since the group H^''^{L, Z) is uniquely divisible, reducing modulo 6 yields an isomorphism 

H^'^{L,Z)/6 ^ F~^IU{L)/F^Ki{L)/6. 

and so the morphism K4{L)/6 — )■ K^\L)/6 factors through a morphism 

H^''\L,Z)/6 i^f (L)/6. 

Therefore, the homomorphism K4{L)/6 — )• K^^{L)/6 is trivial if and only if the factored map 
^2.3 (2,) /6 ^ kI\L)/Q is trivial. 

Suslin's question in degree 4: number fields 

We now show that Suslin's question has a positive answer for "small" fields. 

Lemma A.4. If F is a number field, the canonical map Ki{F)/6 Kl^{F)/6 is trivial. In 
particular, the factorized map H'^'^{F)/6 — > K^^{F)/6 is trivial. 

Proof. If F is a number field, then write r for the number of real embeddings of F. The maps 
F ^ M induced by the various real embeddings yield a morphism 

Kt\F)^llKt'm. 

r 

Now, by results of Bass-Tate, we know that for i > 3, that K^'^ (F) is finitely generated and that 
the above homomorphism induces an isomorphism K^\F) = {'L/iy [BT73, Theorem II.2.1]. In 
particular, the reduction modulo 6 map determines an isomorphism 

r 

Kl\F)/Q ^ JJi^f (M)/6 ^ (Z/2)^ 
1=1 

On the other hand, we know that K/^ (M) is uniquely divisible [Wei 12, Chapter VI. 3] so K/^ (M) / 6 
is the trivial group. By functoriality of SusUn's homomorphism, it follows that the map Ki{F)/Q — > 
K^{F) /6 factors thi-ough HLi Ki{M.) /6 = 0. The second statement is an immediate consequence 
of the first by the discussion above. □ 

Suslin's question in degree 4 and absolute rigidity 

If L is a field, let Lc denote the algebraic closure of the prime field in L (the field is sometimes 
called the field of absolute constants of L). If we fix a base field F, we will say that a (covari- 
ant) functor T on the category of finitely generated extensions L/F is absolutely rigid if the map 
F{Lc) —5- F{L) is an isomorphism. Sasha Merkurjev attributed the following question about ab- 
solute rigidity to Suslin, though it has not appeared in print; for additional context, the reader may 
consult, e.g., [Sus87a, Conjecture 5.4], where related questions are posed in the context of the study 
ofi^3. 
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Question A.5 (Suslin). If F is a fixed base-field, is the functor L i— > H'^'^{L, Z) on the category of 
finitely generated extensions L / F absolutely rigid? 

Since we have established that SusHn's question in degree 4 has a positive answer in the case 
of a number field, a positive answer to the absolute rigidity conjecture implies a positive answer 
to Suslin's question in degree 4 in general. More precisely, the next result is an immediate corol- 
lary of functoriality of the homomorphism H'^'^{L,Z)/6 K^^{L)/6 with respect to L and the 
computations we recalled above for finite fields or number fields. 

Corollary A. 6. If F is a fixed base-field (assumed to have characteristic 0) and the functor L i— )• 
iJ^''^(L,Z) is absolutely rigid, then for any field L, Suslin's homomorphism K4{L) — t- K^\L) has 
image precisely 6K^^{L). 

Remark A.7. By the universal coefficient sequence, there is a short exact sequence of the form 

— > i?2'3(L,Z)/6 — > H'^'^{L,Z/6) — > H^'^{L,Z)q — > 0. 

The group H'^'^{L, Z/6) is, by the Beilinson-Lichtenbaum conjecture (really, we just need weight 
3), isomorphic to H?^{L, ^f^). If L contains sixth roots of unity, then this group can be identified 
with the 6-torsion in the Brauer group of L and is therefore non-trivial in general. Note also that 
H'-^'^{L,Z) is K^'{L). Furthermore, the map on the right hand side is induced by the integral 
Bockstein homomorphism H^'^{L,Z/6) H^'^{L,Z). 

Remark A.8. Finally, we close with one comment about Suslin's question about S„. Suppose L is 
any field having characteristic coprime to n!, then the Bloch-Kato conjecture gives an isomorphism 

Thus, if L has etale 2- and 3-cohomological dimension < n + 1, then it follows that K^^]^/n!(L) 
is trivial. Thus, S„+i(L) is trivial under these hypotheses. 
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